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ELEMENTARY ALGEBRA, 



1. Algebra is a branch of matliematics in which quantities 
ire represented by letters and proffesnen by signs. It may be con- 
sidered an extension of Arithmetic. 

SYMBOLS- 

The quantities and processes used in algebra are represented 
by symbols. 

2. Symbols of Quantity are the letters of the alphal)et 
and the figures used in Arithmetic. 

The first letters of the alphabet and figures are used to repre- 
sent those quantities whose values are known. 

Unknown Quantities are those whose values are to be found 
and are represented by tiie last letters of the alphabet. 

3. Symbols of Operation indicate that some process is to 
be performed. 

4. The sign of addition -f- is called plus ; thus, 3 + 4 is 
read " 3 plus 4 " and means that 4 is to l)e added to 3. Similarly, 
a-\-h means that the quantity represented by 6 is to be added to 
the quantity represented by a. 

5. The sign of subtraction — is called minus ; thus, e — / 
is read "^ minus/" and means that /is to be subtracted from e. 

6. Multiplication is expressed by the sign X which is read 
»' multiplied by" or ^' times." 

7. Division may be expressed by the sign ~ or by writing 
the dividend above and the divisor below a horizontiil line. Tluis, 

a X <? -7- (« 4"/) 5s the same as * 

« +/ 

8. These signs are the same as tlm^o used in Arithmetic. 
In multiplication, however, there is a difftnence. In Arithmetic, 
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the sign X must always be used, but in Algebra it is frequently 
omitted. 
Thus, 

^ IS the sa;rae as - C" ^ . 

X y J^Xy 

If, however, we omit the sign between the figures in the 
expression, — ^ , the value is entirely different. 

LXlAii=16 ?^:. 100.7 (nearly). 

2X3 23 V jy 

We can write 6x«X^as6aJ. Also, 12 X -1 X w X w as 
12 X 4 mw but not 124 mn, 

9. We may say : The sign of multiplication may he omitted 
between letters and between letters and figures but not between 
fissures. When there is no sign between letters nuilti[)lication is 
undei'stood. For this reason the otlier signs must be used. 

Tlie only exception to tlie above statement is found in the 
case of the + sig" 5 it may be omitted at tlie beginning. Thus, 
2 a-\-S b is the same as -|- 2 a -|- •» h. The sign of 2 a is under- 
stood to l)e +• 

10. Sometimes a point or period is used in place of tlie 
multiplication sign ; thus, 

a. b. c, d.::=. a y, b X <' X d = ah e d. 

11. A Coefficient is a number prefixed or placed before a 
quantity to indicate how many times the quantity is to be taken. 
Thus, in 3 a J, 3 is the coefficient and sho\fs that ab is to ])e 
taken 3 times. In other words 3 a b is the same as a b -\- a b -{- a b. 

Let us consider the expression 6 m n. The coefficient of m n 
is 6 and 6 m is considered the coefficient of //. Similarly, 6 n is 
the coefficient of m. 

When no coefficient is expressed, it is uudei-stood to be 1. 
Thus c is the same as 1 <? because c multiplied by 1 is c. 

12. An Exponent is a figure or letter written at the right 
and a little above a quantity to indicate the number of times the 
quantity is to be taken as a factor. For example, in c^ the "* 
shows that c is to be taken 4 times as a factor, c^ is equivalent 
U)cXcXcXe. 
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13. When no exponent is written, the./fr«< power is understood; 6 is 
the same as b^, 

^2 is ** 6 to the second power " or 6 square ; it is equal to b b, 
6* is ** b to the third power '' or 6 cube ; it is equal to 6 6 6. 
b* is ** b to the fourth power" and is equal to bbbb. 

The distinction between coefficient and exponent pust be 
thoroughly understood. In the case of the coefficient, the co- 
efficient shows how many times the quantity is taken to make a 
given sum. The exponent indicates how many times the quantity 
is to be taken to make a given product. Thus, 

i a = a -{- a -\- a -{- a. 

14. Symbols of Relation are the signs which show equality 
and inequality. 

The sign = is read " equals." The expression a = b means 
that the quantity represented by a is equal to the quantity repre- 
sented by I. 

When two quantities are connected by the = sign, the ex- 
pression is called an equation. 

The sign > is read ^^ is greater than " and the sign < " is 
less than." Thus, a > ^ means that tlie quantity represented by 
a is greater than the quantity represented by b. m <C n means 
that m is less than n. 

The sign =-o means *m8 equivalent to." 

15. Symbols of Abbreviation. The following are the most 
common symbols of abbreviation : 

Radical Sign y Braces ) V 

Parentheses ( ) 

Brackets f 1 Vinculum 

16. We learned the meaning of tlie V' when studying 
Arithmetic. 

In Algebia the parentheses, brackets, braces and vinculum 
are used in tlie same way as in Arithmetic and have exactly the 
same meaning. 
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If several quantities are enclosed in parentheses, brackets, 
etc., they are to be taken as a single quantity. For example, 

7_3 + (8 — 2). 

This expression means that 3 is to be subtracted from 7 and 

the result thus obtained added to the difference between 8 and 2. 

» 

7_3-f (8 — 2)r=? 
7_3+t5 = 10 

Suppose we have 12 — 6 — (3 — 1) -f 22 — (12 + 1). 

We may first simplify the quantities in parentheses. (3 — 1) 
= 2, and (12 -|- 1) = 13. Then we may write :• 

12 — 6 — (3—1) + 22 — (12 + 1) = 

1 2 — G — 2 + 22 — 13 = 13 

17. The same rules apply to letters. For example, 4 + a + 
(h — c) means that the difference between h and (? is to be added 
to the sum of 4 and a. 

We know that when there is no sign between lettei-s they 
are to be multiplied. Thus 6 a (x + y) means tliat 2- + ^ is to 
be multiplied by 6 a, the result being 6 a a: + G a y. In other 
words both x and y are to be multiplied by the 6 a. 

18. Suppose we wish to tidd 7 and 10 a and subtract 3 6; we 
can write it in any of the following ways : 

(7 + lOa — 3t) 
[7 + 10 a — 3 6] 

I 7 + 10 a — 3 6 I 



7 + 10 a —'?,b. 



The expression 4 X 3 + 4 + 2 is equivalent to 4 X 9 = 
3G. The vinculum is most used witli tlie root signs, thus 

^ X 3 (I X ^ means the cube root of 27 a h. The expression 

V <i + h indicates the squaie root of the expression a + 6, not 

^ a -\- ^h. Lot us note the difference ; let a = 9 and b = 16. 
Then, 

v/Vi"+~/> = V'd + IG = V^"25~= 5 
\nr+\/V= v'9"+v'l6~= 3 + 4=7 



^•. 
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Ans. 


12 


Ans. 


5 

a 
4 


Ans. 
Ans. 


84 m 


Ans. 



EXA/VIPLES FOR PRACTICE. 

Simplify, 

1. (14 + 13) X (5 — 2) = ? 

2. 25 — (6 + 7) = ? 

8. (15 — 5) ~ 2a =? 

4. (18 _ 3 + 6 + 7) ~ (11 — 4) =? 

6. ■ (12 + (7 — 8) -r -J) X 6 w = ? 

ALQBBRAIC EXPRESSIONS. 

An algebraic expression is a combination of letters and signs ; 

such a82a + ^^ — ^« 

19. A term is an algebraic expression none of whose parts 
are separated by the -f- or — signs. In the above expression, 

2 a, a 2; and 5 are terms. 

Positive terms are those preceded by a + sign. If no sign is 
expressed the plus sign is understood and the term is positive. 
Thus in the above expression 2 a and a x are positive terms. 

6 7 m is a positive term. 

Negative terms are those preceded by a — sign. Thus in the 
above expression — 5 is a negative term. This sign must never 
he omitted. Equal terms \vith unlike signs cancel each other; thus 

2 (? — 2 (? = 0. 

20. A monomial is an expression containing but (>n6term,as 

7 d. If there are two terms the expression is called a binomial. 
Expressions of more than one term are called polynomials. Thus 
a;-j_3J — yisa polynomial. 

21. Similar terms, sometimes called like terms, are those 
differing only in numerical coefficient. Thus 5 a J, % a h and 

3 a J are similar terms. 4 a J and 7 h are unlike terms, 

NEGATIVE QUANTITIES. 

22. The signs -|- and — are used to indicate addition and 
subtnvction. They art* also used to distinguish between (juantities 
oppo>ite in character. Phis quantities are tliose greater than 
zero and minus quantities those less than zero. A thermometer 
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• 

shows + and — temperatures or temperatures above and below 
zero. 

A man's property may be called + and liis debts — ■ . If a 
man owes $100 we say that his property is — $100 ; if he has $75 
his property may be expressed as + $75 or simply $75. 

If a thermometer inside a house indicates 60° and one out- 
side indicates 10*^ below zero, the difference is 70*^ because the 
temperature outside must first rise 10° to become zero and then 
60° more, making a total of 70°. 

By means of the same reasoning, we see that a man that has 
$50 is $100 better off than the man who owes $50. 

ADDITION. 

23. Addition is the process of finding the aggregate or sum 
of two or more quantities. Thus the sum of 4 and 6 is 10. The 
sum of 5 a and 6 a is 11 a. 

If we add 5 bolts, 8 bolts, 9 bolts and 3 bolts, the sum is 25 
bolts. If we let b represent one bolt we add 5 J, 8 J, 9 6 and 3 b. 
The result is 25 6. 

In the same way — 3a — 6 a — 9a and — 13 a are equal 
to — 31 a. 

24. When the terms are similar and tlie signs alike, add the 
coefficients and to the sum annex the letter or letters; the sign of 
the siuii ivill he the ('omnio)i si(/n. 

25. If the terms do not have the same signs but are similar 
add together all the -\- t/iiantitirs and all the — (jiiantUles and 
find the difference. The sign of the result will be the sign of the 
greater snm. 

13 a (?2 _|. 6 a ^2 — a c2 -f 4 a c2 — 8 a c^ =23 a c^ — 
a (?2 = 14 a 6*2. 



(1) 


(2) 


(3) 


(4) 


(r>) 


5 a X 


— 3x« 


■\-\2xy 


— 4c 


- 6(x-}-j/) 


Sax 


- 7x2 


— \1 X y 


+ 3(1 


(X + y) 


Sax 


— X2 


■\^V.^xy 


— c 


- 2(x + y) 


2 ax 


— 4x'^ 


+ 7xy 


— Qc 


(X + y) 


ax 


— 6x^ 


— Qxy 


+ 4c 
— 12 c 


- 13 (X + y) 


19 ax 


— 21 x^ 


+ Ox// 


-Ii(x4-y) 



26. The sum of a and 2 a is 3 a, but the sum of 3 a and 7 e 
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is neither 10 a nor 10 /.• but is 3 a -f- 7 a. Ht'uce if the terms are 
unlike they cannot Ije added ; the addition is indicated />// connect- 
ing them with the proper sign, 

27. Suppf>se we wish to add several terms. For instance^ 
8 a 7n + 7 c m — • 2 y/TjT — - x — Z a vi -\' 4: x -\- 5 y/T^ — 3 a m -\- 

cm — 3 ^ — ^'jT — a m. We can write simihir terms under each 
other and add them using the principles already learned. 

^ a m -\'l c m — 2 ^IT — x 

— 3am-j- c m '\' b y/~*"+ 4 x 

— 3 a w — ^'x' — 3 X 

— am 



am -{- % c m '\- 2 ^ X 

(1) <2) (3) 

7 a; — 3y 6a + 3c— 4 3a6 + 5c 

— Sx+y — 7a— c + 12 8a6 + 2c 

2x + 6y 4a — 6c — 3a6 

6x + 4y 2a — 4c+8 8a6 + 7c 

EXA/VIPLES FOR PRACTICE. 

1. Add together ^ a x — i ah — x y -\- z — 3a?y + 
% a b -\-l X y — 3^ — ^ a x — & x y -\- a x, 

Ans. 2 ah — ^ x y — 2 z. 

2. Add together 17 a a;2 — ^axy-^Qz — 2\ -\-Q -\-2axy 
— 22-}-aa;2— 13 — \i a x^ -\- 6 ax y — 4: z. 

Ans. i ax^ — axy — 31. 

SUBTRACTION. 

28. Subtraction is the pi-ocess of taking one quantity from 
another, or it is finding the difference between two quiutities. 
2P. The Subtrahend is the quantity to be subtracted. 

30. The ninuend is the quantity from which the subtra- 
hend is to be subtracted. 

31. The Remainder is the result. 
Let us subtract 14 a from 26 a. 

26 a Minuend, 
14: a Subtrahend, 



12 a Remainder, 
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This shows that the minuend is equal to the sum of the 
subtrahend and remainder. 

We could write the alx)ve as follows : 

26 a — 14 a = 12 a. 

32. In a certain time A made 24 dollars and B lost 8 dollars. 
What was the difference in the profits of A and B. Gain or 
profit is considered +> a^^d loss — . To find the difference we 
must take — 8 doUara from 24 dollars. 

24 dollars — ( — 8 dollars) = 32 dollara. 

33. When studying negative quantities (Art. 22), we 
learned that the difference between a -|- quantity and a — quan- 
tity is equal to the sum of the quantities. The above shows 
that : 

34* Subtracting a positive quantity is the same as adding an 
equal negative quantity. 

Art. 32 shows that subtracting a negative quantity is the same 
uS adding an equul positive quantity. 

To subtract one quantity from another, change the sign of the 
subtrahend and add the result to the minuend. 

Subti*aot 5 a from 8 a. 



SUBTRACTING. 




ADDnro. 


8 a ^finu€nd 




8a 


5 a Subtrahend 


or 


— 5a 



3 a Remainder 3 a 

35. To subtract one polynomial from another change the sign 
of each term of the, snhtr^ihend (ind add the result to the minuend. 

From 11 a 6 <: + 3 j: — 7 // + 48 tike 7 abc — 6^ + 9y — 
76. 

11 a 6 c + 3 X — 7 // + 4S 
— Taftc + Oj— 9 y + 76 

4 a 6 c -f I) X — 1(5 y -f 124 

EXAMPLES FOR PRACTICE. 

1. From — 347 a r y fcike 223 a x y, Ans. — 570 a x y. 

2. Subtract 4 m*^ _ 6 n» + 73 2: from — m'^ _ 8 «3 -f 83 x. 

Alls. — 5 m'^ — 2 n^ + 10 x, 

3. Take 2 x» — y * from the sum of x^ — 2 x y + 3 y « and 
./ // • 4 y-. Ans. — x^ — ary + 8y«. 
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4. From the sum of 2 a^ — a'^ b — 5 a 62 and S a^ b — 5 ab^ 
— 4 6« take the sum ol — 2 a^ — 7 a^ b — 6 b^ and — 6 a 62 _j- 

66«. 

Alls. 4 a3 ^ 9 a2 6 _ 4 a 62 _ 3 58. 

5. Subti-act the sum of — 5 a;3 — 12 2:2 -f 3 aud — 3 a:* + 
2 r2 — 5 a? from the sum of a?* — 1 and 2 a;3 — 7 a; — 10 a:2 . 

Ans. 4 a;* + 7 a;^ — 2 a? — - 4. 

USB OF PARENTHESES. 

36. The parentheses, bi'ackets, etc., are used so frequently 
in Algebra and Engineering that their use must be thoroughly 
understood. 

Suppose we have the expi^ession, 

a — 2 m +(3 m — 71 -f- 4 a;). 

We know that it means that the qii.intity S 7n — n -{' 4 x is 
to be added to a — 2 m. Performing the addition we have 

a — 2 m '\- S m — 71 -\- 4 x. 

37. It will be noted that the signs are the same as though 
no parenthesis had been used. 

The expression, 

a — 2 771 — (S m — n + ^a;) 

means that the quantity 3 7w — n -|- 4 a; is to be subtracted from 
a — 2 m. Subtracting 3m — n-|-4a:is the same as adding — 
8 til -|- n — 4 a:. We have as a result, 

a — 2 m — S m '\- 71 — 4 a:. 

38. By comparing this expression with that of Art. 37 we 
see that when we removed the parenthesis, we simply changed all 
the signs in the parenthesis. Similarly 

a2 _ (2 a 6 + t?) = a^ — 2 a b — e. 

39. We can then nivke the following sUiteinents : 

If a parenthesis is preceded by a -\- slgn^ the parenthesis signs 
may be removed without changing the -^ or — signs of the terms 
within the parenthesis. 

If a parenthesis is preceded by a — sign^ the parenthesis signs 
may be removed if the sign of each term within the parenthesis is 
changed from -\- to — - or from — to -^. 

40. The Siime rules apply to bmckets, braces, vinculum, etc. 
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41, After removing the parenthesis similar terms should be 
united. 

Simplify the expression, 

4 m2 n — (8 ??* n^ + 3 7n^ n — n^). 
4 in^ n — 8 //* ?t2 — 3 ^,^2 ^^ ^ ^a 



or 



9 



?/|2 n — 87/1 w^ -1- n^. 



42. Parentlieses are often enclosed by bi^ackets, etc. In 
such cases the same rules are followed. It is better to i-emove 
first the signs from the innermost pair. 

3 a — [2 a — (a + 2)]. 
Removing the parenthesis we have, 

3 a— [2 a — a — 2J. 
Removing the brackets we have, 

3a — 2a + a + 2. « 
Combining similar terms, we have,\ 

2a + 2. 

EXAMPLES FOR PRACTICE. 

Simplify, 

1. x^ — z^ — (x^ 4- y8 — 28) Ans y«. 

2. a — (T + i — (a + (? — rf)— d-^c—a. 

Ans. a — tf -J- d, 

3. 2 a — j 6 ~ [3 a — (2 J — a)] L 

Ans. 6 rt — 3 6. 

4. bx — fix—l — ^x — Ylx—x — xlA 

Alls. 1 — Z X. 

43. To enclose any terms in parenthesis we observe the 
same principles. 

44. Suppose we wish to enclose in parenthesis the last three 
terms of the following ex[)ressioii, and have tlie -\- sign precede 

the parenthesis, 

x^ y J^ x'^ y"^ —X y^ + //*. 

2;3 y -f (a;2 y2 — x y^ + y^ ). 
If the parenthesis is to be preceded by the — sign, the sign 
of each term thus enclosed must l)e changed. 

2-3 y _|« a;2 y2 X y^ '\' V^ 
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45. Another example. To enclose the last three terms in 
parent! lesis preceded by the — sign. 

Sx— 2f/ -\- oz — 4x 
3a;— (2^ — 52 + 42?). 

In the first expression the sign of 2 y is — and if it is placed 
within the parenthesis the sign must be changed to +. It is, 
however, omitted, as the plus sign is understood. 

MULTIPLICATION. 

46. Multiplication is a method of finding or expressing one 
quantity as many times as is indicated by the other or othei*s. 

In Arithmetic the product of 4 X -^ i^* the same as 3 X -t. 
Similarly a X f> =:h X (i* 

47. Monomials. Fiist multiply together the coefficients; 
then annex the letters^ ^\vm\f to each letter an exponent equal 
to the sum of the exponents of the factors. 

48. The sign of the product is -}- when the signs of the 
factors are alike and — when the signs are unlike. 

49. Multiply 3 a b'^ by a^ h. 

Multiplying the coefficients we have 18 for a new coefficient; 

a X ^-^ = (i^ i*-i^d bxb'^ = h^' ' 

The product is 18 ^^ h^. 

In multiplying the above we proceed as follows: a X «* ==^ ^^^'^ 
because a^ = a X « and a X ^« X « ^= «^. Similarly, 62 = J x J 
and^ X J X S = *^. 

50. in multiplying letters we add the exponents. Thus 
a^X <i^ = «^' Again, t?3 x 0^* =(?®. The same holds good if the 
exponents are letters. Thus, 

51. Another example. Multiply 5 a^ b^ xhy S a"*6* »'• 
The new coefficient is o X 3 = 15. 

a2 X '«"* ^ «^ + "* 
b"" X b^ = J3 4- * 

X X ^'^ = ^^ 

The product i» 16 a^^ "» ja + n ^y*. 
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_^_ _____^ III* 

52. Multiply 5ah^ chj — 2he^. 

The new coefficient will be 5 X — 2 = — 10. 
The product of the letters is a h^ c^ and the result, 

— 10aJ3 c^. 

Had the sign of the first quantity been — the product would 
be 10 a 63 e?*, because — 5 X — 2 = + 10. 

EXAMPLES FOR PRACTICE. 

1. Multiply 8 a:2 y by lay. Ans. 56 ax^ y^, 

2. Multiply — 3 ^3 jm by 4 6~ c. Ans. — 12a8jm + n^, 

3. Multiply — 7 rt3 6' c^ by — 6 6* <?^ 

Ans. 42 a3 J2x^4 + «, 

4. Multiply 16 m n x^ by — ah c'^, 

Ans. — 16 a J c?2 ,yj ^ ^3 

53. As any number of terms iu a parenthesis is considered 
as a moiiomlal the coeffi(uent of the pareiithesis is multiplied. 

Multiply 4 (a + h) by 3 a, 

3 a X -1 = 12 a and annexing the quantity in parenthesis we 

have, 

12 a (a + 6). 

54. Polynomials. Suppose we wish to multiply 7 + 2 by 4. 
Since multiplication is a short method of finding the sum of the 
repetitions of a quantity, 

7 + 2 

7+2 7+2 

7 + 2 or J 

7 + 2 2H + 8 = 36 



2S + 8 = ;50 

55. 11 1 us \vc s(;o that we obtain tlie answer if we multiply 
ffoth t<;nns of tlio ])()lyn()nii;il ])v the monomial. 
Multiply 3 a + 5 ^ by 8 j\ 

3 a + 5 t) 

Sx 

24 a X + 40 6 X. 

Multiply 23 a Ir^ — T) jr // + 3 a ^ — 1 by — 7 a x^ y. 

23 a h- — 5 J- // + 3 a y — 1 
— lax-y 



— 161 a2 62 x2 y ^ 35 a x« y* — 21 a^ «2 y« + 7 a x« y. 
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56. If both factors, or in other words if both multiplier and 
' multiplicand, are polynomials we proceed in the same way: 

multiply each term of the multiplicand hi/ each term of the multi- 
plier and add the products. 

In performing: multiplication of polynomials the sis^ns are 
of utmost importance. 

57. Example. Multiply 4 « — 3 J by 2 a + 7 6. 

4 a — 3 6 
2 a 4- 7 /> 



8 a2 — Qa b 

+ 2Sa/; — 21 h^ 



8a^ + 22ah — 2ib-^ 

58. Let us take another example. Multiply 4 a^ _|_ 2 a 5 -|- 
62 by 4 a2 — 2a 6 +^2. 

4 a* + 2 a 6 + 62 
4 a* — 2 a 6 + h^ 



16 a* + 8 a« 6 + 4 «« 6* 

— 8 a* 6 — 4 a^ 62 — 2 a 68 

+ 4 a* 62 4- 2 a 6* + 6* 



16 a* -f 4 a^ b'^ 4- 6* 

10 a* + 4a2 6« + 6* Ans. 

59. If some of tlie terms are figures the same rules are fol- 
lowed. Multiply 1 — 5 i; — 3 ^2 -f 2 ;r3 by 3 a; — 5. 

1 — 5jc — 3x2^-2a:8 
8x — 5 



3 X — 15 x2 — » x« + « X* 
25 X 4- 15 .t2 — 10 x=» — 5 

28 JC — 19 ur* 4- 6 a^ — 5 

28 a; — 19 ar* 4- 6 X* — 6. Ans. 

60. lu Algebra it is customary to arrange the terms in the 
answer, and also sometimes in the example, ao that the first term 
will be + and the exponents will be eitlier an ascending or 
descending scaie. Thus in the above problem we should write 
the answer. 

6a;^_19 3;3 +28 a: — 5. 

61. If the product of three factors is to be found, fii-st 
multiply together two of them and theu multiply the product by 
the third. 
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62. Example: Multiply together, a + A, a^ — « i^-f- 6*1 

a +h 

Now multiply this product by a* — J*. 

a» + 6« . 
a« — 6« 



a« + a« 6» 
— a« 6» — 6« 

d* — Ifi. Ans. 

(53. The product of two or more quantities may be indicated 
by enclosing them in parenthesis. Thus the above example would 
be written. 

Qi + 6) (^/« — a J + ja) (^3 _ J8). 

EXAMPLES FOR PRACT1C& 

Multiply the following: 

1. x + ^ by a: — y, Ans. x^ — y*. 

2. 2^ — 3 by 3 M + 2. Ans. 6x^ —5 x — Q. . 

3. 6 m — 4 by 3 ni — 2. Ans. 18 ^2 — 24 m + 8. 

4. 3a2— a — 2by3 a+2. Ans. 9a8 +8 a^ — S a — 4. 
6. 2 ^2 + 9 7n — 5 by 3 w2 — 7 m + 4. 

Ans. 6 m^ + 13 w8 — 70 ma 4- 71 m — 20. 
6. Find th(^ product 

(8 a2 — a — J) (a 4. 1) (8 a — 2). 

Ans. 9 a* — 18 a« + 4. 

DIVISION. 

64. The process of finding one of two factors when the 
product and one factor are known is called DivisioQ. Thus WQ 
»ee that division is the couvei-se of Multiplication, 

65. The product is called the Dividend. 

66. The given factor is called the DiviMn 
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67. The result or the otlier factor is called the Quotient. 

68. As ill multiplicjition, like signs give -|- *^i^<l unlike signs 

If the divisor and dividend are both -}- the quotient is -}-• 
If the divisor and dividend are both — the quotient is +• 
If the divisor is + and the dividend — the quotient is — . 
If the divisor is — and the dividend + the quotient is — , 



69. Divide 16 a J by 8 a. 

16 a & 



8a 



= 2 6. 



Monomials. To find the coefficient of the quotient, divide 
the coefficient of the dividend by the coefficient of the divisor. 

70. To find the exponent of any letter of the quotient, 
subtract the exponent of the letter of the divisor from the 
exponent of the letter of the. dividend. 

71. Divide 27 a^ h^ by 3 a^ b. 

To find the coefficient of the (^uoticMit wo divide 27 by 3. 
27 -^ 3 = 9. 

Now we subtmct the exponent of a^ from that oi a^ and ol>- 
tain 1 as a result because 3 — 2 i= 1, and any quantity with the 
exponent 1 is the quantity itself, a^ =z a. 

Subtracting the exponent of b from that of b^ we get 2 be- 
cause 8 — 1 = 2. Hence the ex[)onent of b should be 2. The 
entire quotient is 9 a J2, 

72. In Multiplication we add the exix)nent8 and in Division 
we subtract them. 

Divide a* by a^. 



a^ 



— = a^ ; because 5 — 2 = 3. 



a* 



,m — n 



a** 



= a' 



73. Another example. Divide 36 x^y z^ hy — 4 .r y ^. 

—^ = — 9 X z^. 

— \ X y z 

In this case the sign of the quotient is — because the signs 
of the dividend and divisor are unlike. The exponents of y are 
the samef hence they oanceL 
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74. The process of dividing a polynomial by a monomial is 
very simple. Consider the polynomial made up of several mon 
omials ; divide each monomial by the divisor. In doing this pay 
careful attention lo the signs, remembering that like signs produce 
-|- and unlike — . 

75. Divide 12 x^i/^ —16 x^ i/^ -\~20 x^ i/^ —28 x'^ y^ by 

4 x* y» )12 X* yQ — 10 a^ y<^ + 20 a^ y* — 28 gT y» 
3 y8 — 4 X y=^ -f 5 x^ y — 7 x« y* 

76. Another example: Divide 15 a*" J** c*" — 35 a'»+2 52n ^ 
by 5 a^ b^ c. 

6 a"* 6w c)15 </w hn cr — 3f5 a*" +* 6** c. 



3 c— 1 — 7 a2 fen. 
EXArtPLES FOR PRACTICE. 

1. l)ivi(h^ 20 x^if 2 -j- 15 X y z^ — 10 x'^ y hy — 5 a?y. 

Ans. — 4 ;/;3 2 _ 3 2j8 + 2 a;. 

2. Divide i» <«^ + 27 a^ — 15 a'-^ — 6 a by 3 a. 

Ans. 3 ^(3 + 9 «2 _ 5 a — 2. 
8. Divich^ — 75 m^ n -\- 30 m^n^ — 15 m^ri by 15 m^^i, 

Ans. — 5 m^ -f- 2 r/it w — 1. 

77. Polynomials. We luive seen that the division of 
monomials is siniiljir to sliort division in Arithmetic. The divi- 
sion of polynoiniiils is like; loiii^ division in Arithmetic. 

78. Let us laker :in example. Divide a^ — ^ a'^ y -\- Z a y^ 
— !l^ byr/-^ —2 ^^//-l-//2. 

First \vc should write IIhj (livis(»r and dividend as in long 
division in Arithnietitt. 

a- — L' a // + >J- ) ('^ ~ :i a- // + -i « //^ — y^ ( a — y 

— cC^ y -\- 2 <i y'^ — y* 

— (/•- y -^ 2 (( y'^ — y« 

To fnid the first term »f tlio (jnotient divide the a'^ by a^. 
^' _- //. Hence a is lirst ttMin. Now we miiltiplv each term in . 
Uie divisor by a and after pUicing the results under simihir terms 
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of tlie dividend we subtnict. We then divi<lt* — n'^y by <'" and 
get — // for the next term. Multiplying ai^iiin by — ^ we find 
that the terms are the same .as tliose broucrht down. 

79. Let us take another example. Divide 2 a'^ h — '1 a b^ 
by a i — 62. 

ah — Ifi )2 <(•» U — -> a />' ( 2 a- -\- 'JL a b 



2 (/*- />■- — 2a h-^ 
2 (i-^ b'^ — 2 a ^» 

As before we divide 2a^b by a h and obtiiin 2<|2 for tin* lirst 
term of the quotient. Now multiplying l)Oth terms of thi divisor 
by 2a^ we get2fi^ft — 2^/2^2^ Xhe 2 f/-^6 cancels but wo have 
no quantity similar to — 2 <|2 J- so we bring it down with thn 
nif/n changed. The new dividend is "1 a^^h^ — 2 a 6^ ^uj ^ve 
find that the divisor is contained in it 2ab times. 

80. Divide wi* — 1 by w — 1 . 

m — l)m* — 1 ( wi* -f- m^ -r "» + !• Aiih. 
m* — m' 

4-~iii'» — 1 



+ in- — 1 

+^— 1 

+ //* — 1 

If till) dividend i8 nut exactly divisablc by tlio divisor, tlic rein:iiiidor 
fihould bo placed over tlio diviKor and connected to the quotient l>y the 
proper sign. 

EXAMPLES FOR PRACTICE. 

1. Divide //* + 4 r^ by //•- — 2 a r -\- 2 /•'-». 

Ahs. /f-i j 2 a f -I- 2 /••-*. 

2. Divide .r* + 4 .r'^t/'^ + 3 //* by ,r + 2 //. 

Ans. r-i — 2 ./-Sy + S ./• //^ _ ]<; y3 .j_ '^•^ //* . 

3. Divide 10 z?'^ — 20 ,/2 ,,. _! o,j ^.:, ^^^. ^, ,. 

Alls. 10 ,/•-' :;() ./ ./• -(- :;o ,-'. 

4. Divide 2 c* — 3 <;-^ — 1 l> _ 4 <•-* --11.- bv 2 <•-* { . 4 

• « ■ . 

Ana. C-- — 2 c* — 3. 
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CANCELLATION. 

As shown in Arithtnetic, cancellation often shortens the work 
and a few rules concerning its use will- now he given. 

81. Case 1. Suppose we have the expression 

18 X 6 X 10 X 2 



= ? 



24 X 3 

We can perform the cancellation thus, 

6 15 1 
;^ X <i X 10 X 2 .- 

4 

^1 

82. If the signs in the nuniei*afx)r had been + instead of X 
we joukl not liave canc^elled as above. When we cancel we 
simply (livi(U» out factors. Now if these quantities are connected 
by the plus sign, we cainiot cancel out a factor unless it is 
contained a whole nunilier of times in every <ptautiti/ so cannected. 

For instance let us t^ike the expression: 

18 4- 6 h 1^ + 2 ^c^ 

83. In the numerator, 2 is contained a whole number of 
times in each quantity. Also, 2 is a factor of one quantity, (24), 
of the denominator. Flence we divide each quantity of the 
numerator and one quantity of the denominator by 2. Thus, 

9 3 5 1 

;8 + (^ 4- 10 + :^ _ 9 + 3 + 5 + 1 __ 18 _ 1 

24 X~3 i2"x~3 36 ~ "2" 

12 

84. Hence we may say, when the quantities, (letters or 
nunilxMs) of the numerator are connected by the -j- (or — ) 
sign, and those in the denominator by the X sign : Cancel the 
same factor from each quantity of the numerator as from one 
quantity of the denominator. 

85. Cask FI. Supi)ose we liave the expression, 

18 X X 10 X 2 _ ^ 
24 -f 8 

We see that this case is exactly the reverse of the preceding, 
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The fiictor 3 is contained in both 24 and 8 of the denominator 

and in 18 of tlie numerator. VVe cancel as follows: 

6 
;^ X X 10 X 2 ^ 6 X (3 X 10 X 2 ^^0 ^ g^ 

5^7*+? 8+1 9' 

8 1 

86. In regard to this case we may say; wlien quantities in 
the numerator are connected by the X sign and those of tlie 
denominator by the -f- or — sign : Cancel the same factor from each 
(juantity in the denominator as from one quantity of the numerator. 

87. Case IIL Agiiin, 'Suppose all the signs are either -f- 

or — . 

6 — 9 + 81—3 ^^ 

27+18 

First, we must see if there is some factor contained in each 

quantity. We see that 3 is the factor. Then we can cancel as 

follows : 

2 3 27 1 

^ _ (» + ^; _ ^ ^ 2 — 3 + 27 — 1 _ 25 ^^ 

i;+;^ 9+6 15 ""3" 

9 6 

88. When the quantities in both the numemtor and denom- 
inator are connected by the + (or — ) sign : Cancel the factor or 
factors which are contauied in every quantity. 

89. We may have examples containing both letters and 
figures but the principles governing the cancellation are tlie same, 
that is, if letters occur in both the numerator and the denominator 
they may be cancelled in the same manner as figures. 

Let us consider the expression, 

16^+ 3 + 2 — 15 _ ^ 
3^2~+o * 

90. We cannot cancel because theie is no factor (except 1) 
which is contained without a remainder in every quantity. How- 
ever, in the following expression cancellation greatly simplifies 
the work. 

1 1 ^^^ ^^ 

5i X J} X i22 X ;i0 _ 1 



?; X ^ X ^ X ;m ^1 1 
1 1 1 ?i ^ 
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EQUATIONS. 

9!. When two expressions are equal to each other, they may 
be written with the sign of equality between them. The whole 
expression is called an equation. Thus, 

92. Tlie first memher is the expression on the left of the sign 
of equality and tlie second memher is the expression on tlie right. 
The members are alsio called sides. 

93. In the above equation a '\- 2 b '\- x \^ the first member, 
and m -f- 4 n the second. If we should change any quantity such 
as a to the other side it would mean that a is written on the right- 
hand side instead of on the left-liand side. 

94. Sinc;e an LMjuation is an expression of equality, the sum 
of the quantities on the left-hand side of the sign of equality is 
equal to the sum of those on the right-hand side. In other words, 
tlie first member is equal to the second. 

In the equation, 

a -f- 2 J = r/i -{- n 

let a z= 8, /^ = 2, 7/j z=: 6 and n =. \. 
Substituting these values we have, 

a -\- 2h = //t -f » 

3 4- (2 X 2) =0 + 1 

:5 -f 4 = G 4- 1 

7=7 

Suppose now we add 8 to each side of the equation ; the re- 
sult is, 

a-h2h+ 8=m + n + 8 
3+4 4-8=6+1+8 
15 = 15 

We see tliat tlie first meml)er is still equal to the second. 
Now let us divide each side by a which equals 3. 

g + 2 ^ + 8 _ in + n + 8 
a a 

3 + 4 + 8 _6+l+8 



3 3 



l? = li>or5 = 5 
8 3 



ELEMENTARY ALGEHUA. 23 



95. Thus we see that if the name (pHmfitf/ in aaded to 
both Ht'des^ or if both siden are divided hy the same qnantitu^ the 
Jirnt member is still equal to the serond. Siniihirly, it can bo shown 
that if the same quantity is subtracted from both sides or if both 
sides are multiplied by the same quantity, the left side of Uie 
equation is equal to the right. 

96. Suppose, a = 6, 6 =r 4 and c =z 2, and we wish to find 
the value of the expression, 

a -\- b — 3 (7. 

In such cases we write it as an equation with the unknown 
quantity represented by x. Thus, 

X =^ a -\- h — 3^. 

The expression means that x is equal to a -{- b — 3 c. 
Then, 

X = a -f- '> -- 3 '•. 

ac = 4- 4 — (:J X 2) 

flc = -f 4 — 6 
x = A 

We have found the value of x or in other words we have 
solved the equation. 

97. Another example : Find the value of x from tlie equatioh. 

X = - '_ ' ii a =: Zyb := 5, and e = 2. 

2 6 

Replacing a, b and c, by their resi)ective vahies, 

^ ( 6X3 ) + (5 X -2) 
2X5 

18 + 10 

X = — 

10 
X =. 2.8 Ans. 

9S, Suppose an engine makes 125 revolutions per minute 
and develops .4 horse-power per revolution, what is the toUil 
horse-ix)wer ? 

As the total horse-jx)wer is the unknown quantity, we will 
let it be represented by x. The known quantities, 12 5 revolutions 
and .4 horae-power, can be represented by a and b respectively. 
Thus, 

a = 125 revolutions, b = A horse-power. 
X = the total horse-power. 
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We know that the total horse-power is equal to the numl)er of 
revolutions nmltiplied hy the hoi*8e-power per revolution, or, 

X = a X ^'. 
X = 125 X .4. 
X — 50 hoi-se-power. Ans. 

99. Equations are not always written with x representing 
the unknown quantity, any other letter may be used. 

TRANSPOSING, 

100. There are many equations in which the unknown quan 
tity is not alone on the left-hand side ; it frequently happens 
that it is among several known quantities on the right-hand side. 
In such cases it is usual to rewrite the equation so that tlie un- 
known quantity will be alone on the left-hand side. To do this 
quantities must be transposed from one side to the other. 

101. Let us consider this equation, 

a =1 c — X. 
If we subtract a from both sides we will have, 

II — <i zzz c — a — X. 

Now let us add x to l>oth sides, 

a — 11 -\- T z^ c — a — X -\- X, 

We know that it — - n = o and — x and -f- x cancel, hence 
we, injiy write ; 

X =: c — a, 

102. In Inief, we have IrannpoHed the x to the left-hand 
side, transposnl the u to the right-hand side (because a known 
quantity) and let the c remdin on the ru/hf-hand side (because a 
known (juantity). 

103. It will be noted that in changing the x to the other 
side, the sign is changed. Also the sign of the a is now — in- 
stead of -(-• 1'^^^ ^•fcJ'* l)ef()re c is the same as before. 

104. Any term may be transposed from one side to the 
other by changing the sign. 

105. Let us ccmsider this equation, 

b X -\- 2f a h z= 2 u; + 8 rr 6 + 7W. 

Here we have terms containing x on both sides. First we 
place the 2 x on the left-hand side with its sign changed. 
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5 X '\- S a b — 2 X = S a b '\' 9n, 
Next we write the 3 a b on the right-haiul side tvith its sign 
changed. 

5 X — 2a?=3a6— -Sat-j-m. 
Combining like terms, 

S X =z m. 

Since 3 x = w, one x equals r/i -r 3 or x = --^ 

106. In other words to find the value of x we divide by the 
coefficient of x, 

NoTK. In solving problemR, bo careful to inaku a distinction between 
the letter x and the multiplication sign X. 

EXAMPLES FOR PRACTICE. 

1. Find the value of x in the equation, 8 x — 12 = 6a;-{-4. 

Ans. a: = 8. 

2. Solve the equation, 37 a; — (4 -}- 7) = 41 a; + 25. 

Ans. X =z — 9. 

3. Find the value of x in the equation, 
2 a a; + (? z= 3 <? — 5 « a: +^26 d 

a = 3, c zii 8 and d ^=z \, Ans. a; = 2. 

4. Solve the equation, 

7a: — a6-f^ = 3a: + 12. 
rt z= 5, 6 = 3 and <? z= 7. Ans. a; = 5. 

107. Let us consider another equation: 

a 
First we transpose c to the riglit-liand side. 

i.= a2 — J2 _ c, 
a 

To obtain x alone, we must nuiltiply l»oth sides by a. 

a 
or, x = a-*^ — a b'^ — a c, 

108. The left-hand side of the equation sliows that multi- 
plying a fraction by the denominator gives the numenitor as a 

result, that is, — X ^ = •'■. Similarly if we liave the fraction 1- 

a S 

and multiply it by 8 we get the numerator 3 as a result. 
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109. We find the value of x from the equation — = 9 by 

nmltiplying both sides by 4, and then dividing by the coefficient 
of X. 

3 a: = 9 X 4 z= 36, 
3 a:= 36 

36 .« 

X = —- =. 12. 

3 

1 10. Consider the equation, 

a -}- 2 a X — a =: S6 — 3 a J. 

First, we place a and o on the right side with the signs 
changed, tliat is we tianspose the terms. 

2 rt a; = 36 — Sab — a -{- e. 

From Art. 11 it is evident that 2 a is the coefficient of a;; 
hence we divide both sides by 2 a, 

36 — Sab — a + <? 
X = _ ! 

2 a 

111. Stated in words: The terms on the left-hand side 
wliicli do not contain the unknown quantity should be placed on 
tlie right-liaiid side with the signs changed and all quantities in 
the saint* term with the unknown quantity should be transposed 
i)y nmltiplying or dividing botli sid'es of the equation by them. 

H2. Kind the value of P froni the following fornuda : 

1> ^ J ^^^\ _, when A = 11, B = 1.71, and C = 1.3. 

^ 1.4(H-|- -) 



Solution : 



V lAd.'il'-l.SU'i 



_ -y 24.403 
> 1^4 >r73^8" 

^ v/.-j;'.H :- .(!19.1- Alls. 

113. In solving «>(}u:'.ti(>iis reiiioaiber the rule : 
Tcrinx fiti/iiiiilit)/ imkiiowii ijuautilies viay be frauHpoited U> tin 
lft't-liiiii<l Ki'tlf of the eauatJoH hif rhantfintf tJie nffnt- Terms eon- 



'.. * -, 
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taininy knoton quantities may he tranHpoHed to the rv/Jit-haml side 
by chanying the »iyns. 

To find the value of the unknowti qwiittlty divide the riyht^ 
hand side by the coefficient of the unknown quantity. It is readily 
seen that equations may be solved if the unknown quantity is on 
the right side. Thus 2 => x \h the same as i- 1= 2. It is better 
to leave the unknown quantity on the right side, if changing it 
necessitates many changes in the known quantities. 

EXAMPLES FOR PRACTICE. 

•^1. What is the value of x in the equation, 

^^2 (8 + 4) =6—3 + 24? Ans. a: = 39 

3 • 

2. Find the value of x from the equation, 

6aar + 3a2 = 3<e — Zah Ans. x = ~IL _ZI_ 

^ 2 

3. What is the value of x in the equation, 

3a + 2J — a-^e? Let a = 2 and ft = 1 Ans. x='l 

4. What is the value of a: in the following equation, wliere 
a = 3, 6 = 2, and 6' = 1 ? 

2x—h = 20+j: — 3a6» Ans. x =1 13 

5. If a = 5,' b = 2, and c = 3,' what is the value of the 
equation, 

X 4- 4 ax =21 4-2 e + ^-^ ? Ans. x = 2 

114. Suppose we have the equation, 

^ _ PLAN 



33,000 

in which H = 50 horse-power, P = 49.12 pouuils, L = \\ feet, 
and A = 113.1 square inches. Tlie vahie of X is unknown but 
may l)e found by solving this e([uation. 

We know that if H = ^ ' , we can write it thus : 

33,000 

3^,000 H =r F^LAN or PLAN z=z 8.5,000 11. 

This is the sanu^ as multiplying^ botli sides by ^)8,00(). 

Now we may consider PI^A the coefficient of N; 

33000 II 

PLA 
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In other words we have placed the PL A on the other side. 
By dubtftituting the values given above we may solve for N« 

33000 H 



N = 



PLA 

33000 X 50 



49.12 X I X 113.1 
= 198 + "* 

115. Suppose we wish to find the value of a in the following 
ecjuatioii when 6 = 2, c =r 3, J = 4, and e = 5. 

6bc = a-{- ^d -{- e 

We can re- write the equation in order to get a upon the left 
side, thus, 

a -{- ^d -{- e =. 6bo 

a =z 6hff — \ d 4- ^ 

rt - X 2 X 3 — v/4+6 

— 8t3 — v^ir * 

zz: 3tj — 3 
= 33 

We place tlie ^d -f- e on the right-liand side of the equation 
witli the sign clianged. If the sign before the radical had been 
— instead of -f- we would have clianged it to plus, thus, 

Wh(*n s<»lvint^ (\KJunples it ofU^i gives a more accurate answer 
to siin|)ly indic.Jit^'. operations instead of actually performing them. 

116. Suppose we wisli to obtain the value of the expreasion, 

. / (v/890)~2~+Tol 

We inii^Mit perform tlie work by fii-st extracting the s(|uare 
root of ^5i^0, whieh is ap[>roximately 21K83. « The above expression 
would tlien become, 

v/(20;8:3)-i 4- 10" 
If now we continue tlie operations as indicated, we shall 
have, 

V'88<^H289 + 10 
\/8"iM)TH2S9 
;iy.9y 4- 
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117. Now suppose we take the same expression, 
i /(V^890) ^-{- 10 and simplify it in another way. 

We will not extract the square root of the quantity 890 as 
before, because the square of the square root of 890, is 890. 

Hence, for the quantity (v/890) ^ we may write 890. The expres- 
sion then becomes V^890 -|- 10 or v^OO, the value of which is 30. 

It is seen that by one method we get 29.99 -j- as the result 
and by the other method we get 30. The latter result is the exact 
one, and at the same time the operation is more simple. 

1 18« Suppose we have the equation, 

W = .0033 X 10-7 X n 

We can write it thus, 

W = .0033 X jL X n 

Now, any quantity having an exponent preceded by the 
minus sign, as a"'^ can be written as a fraction. The quantity 
is placed in the denominator with the sign of the exponent 
changed; the numerator l)eing 1. Thus, 

a-2=J_; ar-« = -L; 10-8= 1 1 



a2' x^ 108 100,000,000 

We can write the above equation, 

W = .0033 X ,, J:^^ ^ X n. 

10,000,000 

If the value of ii is known the equation can be readily solved. 

EXAMPLES FOR PRACTICE. 

Solve the following equations r 

1. 35 a:— 3(4+6) = 30 a:— 5. Ans. a: = 5. 

2. 6 a:— (6 +3 a:) =12 + a: — 14. Ans. a: = 2. 
8. Given the equation 3 a — 2 J a: = 14 + 3 a — (4 <? — 22). 

a = 4, 6 = 3 and ^ = 3. 

Ans. a: = — 4. 

4. Given the equation 6 a: — — - +<? = 4a6 + 4<?. 

a ^ 2, 6 = 5 and c =i i. 

Ans. X = 22. 
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HENSURATION. 

119. Mensuration is the briuicli of matliematics which treats 
of the nieasmenient of geometrical figures ; that is, measurements 
of lengtli, area and volume. 

PRELIMINARY DEFINITIONS. 

LINES. 

120. A line has lengtli only ; it is produced by the motion 
of a point. 

121. A Htraiijht line is one that has the same direction 
throughout. It is the shortest distance between two points. 

122. A curved line is one that is constantly changing in 
direction ; it is sometimes called a curve. 

123. A broken line is one made up of several straight lines. 
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STRAIGHT LINE. CURVED LINE. BROKEN LINE. PARALX.BL XJITBS. 

124. Parallel lines arc lines which lie in the same plane and 
arc (;(|ually distant from each otiier at all points. They cannot 
iiKM't, liowi'vor far tlicy may be produced (that is, extended in 
citlicr direction.) 

125. A horizonfdl line is one having tlie direction of a line 
drawn upon the surface of water that is at rest. It is a line 
parallel to the horizon or sea level. 

126. A verfinfl line is one that has the direction of a thread 
suspen(l(Ml from its upper end and liaving a weight at its lower 
<ih1. It is a line perpendicular to a liorizontal line. 

127. An oblifpie line is a line that is neither vertical nor 
horizontal. 

128. In order to distinguish between lines, they are lettered. 
Thus if one end of a line is marked a and the other end b we caU 
it " the line a b" or " the line b a." 

SURFACES. 

129. A surface has two dimensions; length and breadth 
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130. A plane surface is perfectly flat. A straight edge 
placed in any direction on a plane siu-face will be in contiict at 
every point. 

131. A curved surface is a surface no part of which is phuie. 

132. A plane figure is a combination of lines all of which lie 

in a plane surface. 

ANGLES. 

133. An angle is the difference in direction of two lines. 
The lines are called the sides tuid the point of meeting is called 
the vertex. The size of an angle depends upon the amount of 
divergence of the sides and is independent of the length of these 
lines. 



RIGHT ANGLE. ACUTE ANGLE. OBTUSE ANGLE. 

134. If one straight line meets another (at some point not an 
extremity) and the two angles thus formed are t*qual they are 
right angles and the lines are peipendicular to each otlier. 

135. An acute angle is less than a right angle. 

136. An obtuse angle is greater than a right angle. 

137. Acute and obtuse angles are sometimes called oblique 
angles, 

138. Angles are distinguished by placing letters on the lines 
forming the sides and at the vertex. Suppose the letter A is 
placed at the vertex and the letters B and C on the sides; wr 
would read the angle as " the angle B A C " or " the angle C A 1^." 
The letter representing the vertex must be placed between tliosc 
representing the sides. If but one letter is used it sliould Ix.* 
placed at the vertex and the angle is then designated as " tlie 
angle whose vertex is A" or simply ''the angle A." In writing, 
the sign Z is often used in place of the word " angle." 

139. As two right angles are formed wlien one line meets 
another (see Art. 134), we know that 
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Tlie sum of all the angles about a point on one side of a straight 
line is equal to two right A^ngles, 

140. It also follows tJiat the sum of all the angles about 
any point is equal to four right ans^les. 

141. Consider the angles about the point O; angle AOC 






-|- angle C O D -|- angle DOB is equal to two right anglea 
Angle A O E -{- angle E () B is equal to two right angles. 

Z AOC + Z COD + Z DOB + ZAOE + Z E O B = four right angles. 





I'ENTAGON. 



HEXAGON. 




OCTAGON. 



142. When two lines intersect they form four angles. 
The angles AOC and A O I) are called adjacent angles because 
y^ D^ they have the same vertex O and the 

line A O is common, tliat is, it foims 
a side of each angle. Tlie angles 
AOC and DOB are opposite angles. 
From Alt. 189 it follows tliat 

^ A O C + Z A O D = two right angles. 

It may idso be proved that Z A O C = Z I) O B. 




POLYGONS. 



143, A polygon is a plane figure bounded by straight lines. 

144. The lK)undary lines are called the sides and the smn of 
the sides is called the perimeter. 
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145. Polygons are classified according tx) the number of 
sides. 

A triangle is a polygon of three sides. 
A quadrilateral is a polygon oifour sides. 
A pentagon is a polygon of jive sides. 
A hexagon is a polygon of aix sides. 
A heptagon is a polygon of aeven sides. 
An octagon is a polygon of eight sides. 
A decagon is a polygon of ten sides. 
A dodecagon is a polygon of tivelve sides. 
An equilateral polygon is one all of whose sides are equal. 
An equiangular polygon is one all of whose angles are equal. 
A regidar polygon is one all of whose juigles are equal and all 
of whose sides are equal. 

TRIANGLES. 

146. A triangle is a figure enclos(»d hy thre»e straight lines. 
The l)()unding lines are the niden^ and the j)oints of intersection of 
the sides are the rerfiren. The angles uf a triangle are the angles 
formed l)y the sides. 






RIGHT-ANGLED TRIANGLE. ACUTE-ANGLED TRIANGLE. OBTUSE-ANGLED TRIANGLE. 

147. A right-angled triangle, often called a right triangle, is 
one that has a right angle. The longest side (the one opposite 
the riglit migle) is called the hypothenuse and tlie other lines are 
called sides or legs. 

148. An acute-angled triangle is one that has all of its angles 
acute. 

149. An obtuse-angled triangle is one that has an obtuse 
angle. 

150. In an equilateral triangle all of the sides are equal. 

151. If all of the angles of a triangle are equal, the figure 
is called an equiangular triangle. 
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152. A triangle is called acalene when no two of its sides 
are equal. 

153. In an isosceles triangle two of the sides are equal. 

154. The base of a triangle is the lowest side; it is the side 
upon which the triangle is supposed to stand. Any side may, 
however, be taken as the base. In an isosceles triangle, the side 






EQUILATERAL TRL\NGLE. 



ISOSCELES TRIANGLE. 



SCALENE TRIANGLE. 



which is not one of the equal sides is usually considered as the 
base. 

155. The altitude of a triangle is the perpendicular drawn 
from the vertex to the base. In some tiiangles it is necessary to 
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produce the base so that the altitude may meet it. In a right 

triangle one leg may be considered as the base and the other the 

altitude. 

156. Let us consider Fig. 1. 
First produce (extend) B to any 
point such as E and draw C D parallel 
to H A. It may be proved that angle 
"~L A B C is equal to angle D C E and 
BAG equal to A C D. The angle- 

A C B is of course equal to itself. Adding we have, 

ABC + BAC + ACB = DCE + ACD + ACB 

But since the sum of the angles about a point on one side of 
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DCE + ACD + ACli = 
therefore ABC + UAC+ACB = 



straight line is equal to two right angles (see Art. 139) we liave, 

o right anglen ; 
o right aiigleB. 

157. Hence we may say that the »um of all the angles of any 
tnangle it equal to two right angles. 

158. The Right Triangle. If in the right triangle ABC 
the side A B is 3 inches long, and the side A C is four inches long 
the side B C (tlie hypothenuse) is 5 inches long. 

By considering the accompanying figure we find that the 
square ABED constructed on A B contains 9 squares. The 
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square L C A M constructed on A C contains Ifi squares and the 
square (J F G B constracted on B C contains 25 stjuares. Now, 



AB +AC — BC 
159. Then we may say : The square of the hypothenuae is 
equal to the sum of the squares of the other two sides. This state- 
ment is true for all right-angled triangles ; it does not, however, 
apply to triangles other than right. 

This principle is very useful for finding the lengths of various 
lines. 

Example. A right triangle has sides 6 inches juid 10 inches 
long respectively; what is the length of the hypothenuse? 
62 _f_ 103 — square of hy|)othenuse. 
36 +100 = 136 

Vl36 — 11.66 + inches. Ana. 
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160. Suppose we know the length of the hypothenuse and of 
one sliort side. We find the length of the other short side by- 
means of the above. 

Example. The hypothenuse of a riglit triangle is 24 feet long 
and one of tlie sliort sides is 9 feet. How long is tlie otlier short 
side ? 

242 — 92 := the square of tlie required side. 



70 —81 =495 



v/495 = 22.248 + feet. Ans. 

Example. One side of aright triangle is 15 inches; if the 
h3rpothenuse is 21 inches, what is the other side ? 

212 — 152 — the square of the other side. 
441 —225 = 216 

B := 14.690 -|- inches. Ans. 



EXAMPLES FOR PRACTICE. 

1. One side of a right triangle is 8 feet and the other is 
9 feet; what is the length of the hypothenuse* ? 

Ans. 12 feet (alnrnt). 

2. The h>^)othenuse of a right irijingle is 18 IikIk's an<l one 
side is iJ inches; wluit is the other side? 

Ans. 17.748 -\- inches. 

3. The two sides of a right triangle are 16 and 21 feet 
respectively. P^'md the length of the liypotlienuse. 

Ans. 26.4 feet. 

4. The hypothenuse of a right triangle is 23. What is the 
length of the other two sides if they ai'e equal ? 

Ans. 16.263. 




QUADRILATERAL. TRAPEZOID. PARALLELOGRAM. 

QU ADRI LATE RA LS. 

161. A quadrilateral is a plane figure bounded by four 
Straight lines. 
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The diagonal of a quadrilateral is a straight line joinmg two 
opposite vertices. 

162. A trapezium is a qiuidrilateral, no two of whose sides 
are parallel. 

163* A trapezoid is a quadrilateral havmg two sides parallel. 

The parallel sides are called the banes and the perpendieuLir 
distance between the bases is called the altitude, 

164. A parallelogram is a quadrilateral whose opposite sides 
are parallel. 

The altitude of a parallelogram is the perpendicular distance 
between the bases ^ which are the parallel sides. 

A diagonal of a parallelogram divides the parallelogram into 
two equal triangles. 




RECTANGLE. 



SQUARE. 



RHOMBUS. 



There are four kinds of parallelograms. 

165. A rectangle is a parallelogram whose angles are right 
angles. 

166. A square is a rectangle, all of whose sides are ei{ual. 

167. A rhombus is a parallelogram which has four equal 
sides ; the angles, however, are not right angles. 

168. A rhomboid is a parallelogram whose adjacent sides are 
unequal ; the angles are not right angles. 

CIRCLES. 

169. A circle is a plane figure lK)undcd by a curved line, 
every point of which is etiually distant from a point withm, called 

the center. 

170. The curve which lK»unds the circle is called the circum- 
ference. Any portion of the circumference is called the arc, 

171. The diitmcti'r of a circle is a stniight line drawn 
through the center and tenninating in the circumference. A 
radius is a straight line joining the center with the circiunference ; 
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it lias a len^h equal Ut one-half the diameter. All radii (plural 
of radius^ are erpial since even' point of the circumference i& 
wpially distant fmm the center. AU diameters are equal because 
a diameter in equal to two radii. 

172. From the above it follows that two circles are equal 
when they have crjual radii; if one circle is plactnl on the other bo 
that the centei-s arc in the same jjositiou, the circumfeitjuces wiU 
coincide. 






(. lift. M.. 



173. An arc cijual to one-half the circumference is called a 
Hf'inl-rirciinifert'nrt'. A quadrant is fnieniuarter of a circumference. 
A qiiiidrant may nu'an the sec^tor, arc or angle. 

174. A chord la a straight line joinhig the extremities of an 
arc. It is a line drawn across a circle that does not pass tlirough 
the c(;nt<T. 






«. ONI KNTRIC CIKCLKS. 



INSCKIHLD l>OLYC;ON. 



175. A Hf'cant is a straight line which intei-sects the circum- 
ferences in two points. 

176. A tatnjent is a straight line w^hich touches the circuin- 
fcrcncc at only one point. It docs not intersect the circunifcrciKHj. 
Tlic point at which the tangent t(»U(!hcs the circumference is called 
tli(* point nf taiujnn'i/ ov pn'nit nf mntart. 

It niav 1h* jnoved tliat a t;ingent is peri)endieular t^) tlie 
cxtn'niitv <>f a radius. 

177. A Hector of a circle is tlui j)ortion or area included 
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between an arc and two radii dra^vn to the extremities of the arc. 

178. A iegmetxt of a circle is the area included between an 
arc and its chord. 

179. Cireles are tangent wlien the circumferences touch at 
only one p()int and are connentrie when tlicy liave the same center. 

180. An inscribed poii/yon is one wlioso vertices lie in the 
circiunferi'nce and wboae sides are chords. 
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181. An inscribed angle is an angle whose vertex lies in the 
circumference and whose sides are chords. It is measured by one- 
half the intercepted arc. 

182. A central angle is an angle whose vertex is at the 
center of the circle and whose sidles are radii. 

MEASUREMENTS. 
ANGLES. 

183. To measure im angle, deserilw an arc of any convenient 
radius having tin- center at the vertex of tlie an};le. The arc in- 
cluded between the sides is the 
measure of the angle. With a 
given raditis, the greater the diver- 
gence, the longer the ar<'. If 
several arcs are drawn having dif- 
ferent radii, the intercepted aixs 
■will have different lengths but tliey 
will all be the name fraction of 
tlie entire circiuiiference, 

184. To state the size of 
an angle as a friictioii iif tlio 
i-inunifci-cnce is not always (imvi'u 
fcrcme is ilividcd into ;il)0 i-qual parts called degrees. Angles 
alt' tlicii iiica.siuvd hi dcgii^t-s. If an angle is measun'<l by ^ of 
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the circumference it contains 60 degrees, because ^^ = 60. An 
angle of 45 degrees is measured by ^ of the circumference. 

185. For accurate measurement each degree is divided mto 
60 ec|ual parts called minutes and each minute into 60 equal 
pails called seconds. 

The symbols of degrees, minutes and seconds are °, ', "^ 
respc(!tively. To express 23 degrees, 47 minutes and 9 seconds, 
we write 28° 47' 9". 

186. Accordhig to Art. 189, if lines are perpendicular to 
each other, right angles are formed. A right angle is measured 
by ^ tlie circumference, lience it is measured })y an arc of 90° 
since ^\^ =z 90. 

187. Two angles are complementary when their sum is 
equal to one riglit angle or 90 degrees ; they are supplementary 
when their sum is 180 degrees. Thus, an angle of 38 degi'ees is 
the complement of one of 57 degrees because 38 -\- 57 =: 90 or 
90 — 57 = 38. 

Angles of 148 degrees and 32 degrees are supplementary 
because 148 + 82 = 180. 

EXAHPLES FOR PRACTICE. 

1. How nijuiy seconds in 180 degrees? Ans. 648,000. 

2. How many right angles in 202'' 80'? Ans. 2{. 
8. What is the complement of 87° ? 

4. What is the complement of 11^ 47' 8" ? 

Ans. 78° 12' 57". 

5. What is the supplement of 181° 4' 27" ? 

Ans. 48° :y')' 88". 
G. One angle of a scalene triangle is 17° ; another angle is 21°. 
What number of degrees is the third? 

Ans. 142°. 

7. Th(i vertical angle; In'twccn tlic etpial sides of an isosceles 

triangle is 25 degrees. How many degrees in each of the base 

angles ? 

Ans. 77° 80'. 
AREAS OF POLYQONS, 

RECTANGLES. 

188. The amomit of space covered by a plane figure is called 
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its area. In order to express area, we state liow many tinuus 
greater it is than anotlier area taken as a unit. 

189. Tlie unit niost eoininonly used is the square foot, or an 
area equal to a square measuring one foot on a side. For small 
areas the square inch may he used. If we say that a ('ert-jiin lot 
of land eontains 10,000 square feet, we mean that its area is 10,000 
times as great as an area of one square foot. 
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Fig. 2. 

190. Iji Fig. 2 let A' W equal 1 inch and A'D' equal 1 inch; 
then the area A' IV CD' equals 1 square inch. The divisions 
A B, B L, L ]\I, Vl N, N O and O E are each equal to A' B'. 
Similarly the divisions A D, D R, R T and T G are equal to A' D'. 

It will be seen that the rectangle A E F G contauis 24 of 
these small squares, each equal to the unit area A' B' C D'. Since 
there are G divisions in the base and 4 in W\q altitude, and 
6x4 = 24, we have the following rule : 

191. To find the area of a rectangle, multiply the base by 
the altitude. 

Example. The base of a rectangle is 18 feet and the altitude 
is 7 feet ; what is the area ? 

ha^e X (tJtitu(le = area 
18 X 7 = 120 

Ans. 12G square feet 
Another Example. The area of a rectangle is 39 square 
inches and the base is 13 inches; what is the altitude? 

base X altitude = area 

area 



or 



altitude = 



lane 



^= H =1 Z 
— 13 — ^ 



Ans. 3 inches. 
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I5>2. Since the Sf/uare is a rectangle, its area is foimd by the 
t^ituu, ruli\ In the wjiiare, however, tlie Ixise equals the altitude; 
j«4-ii<'>»' Uac area is w{ual to the wjuare of one side. 

PARALLELOGRAMS. 

i9i* In the parallelognim sho^vn in Fig. 8 we know that the 

base is D C, and the altitude A G, or any 
line perpendicular to D C. If we pro- 
duce D C to F to meet the line perpen- 
dicular to the bases from E, the right 
triangle E F C is formed. This triangle 
may be proved equal to the right tri- 
angle AGD. If we take the area 
A ^i I) from the parallelogiam and add the equal area E F C, we 
//^/ ;^A 'IwJige the are^i ot the parallelogi-am. Hence, 

area A K F G = area A E C D. 

VV*; UiiJifW that the area of the rectangle AE FG is equal to 
iif* i//vl'i> t of iU* hiHii and altitude. Fmm this we can state: 

IV4' 1 h* A^^A of a parallelogram is equal to the product 
^ $hM M«« t^nd altitude. 

tf,/,^ff^l/li$, 'Hus altitude of a parallelogram is 9 inches and 





Fig. 8. 



Altitude 



Area 
Hase 



^m \m^^ )^ i*^ il^'i^^' What is the area? 

urea = base X altitude 
urea =12X9 
urtu SB 108 square Inobee. 

-, Ati'ii 

IM, "'^ •" AlUtudo 

TRIANQLBS. 

IVAr I' *^'* '''**^ ^'''*' Hhigoiial A F (Fig. 4), the parallelogram 
A I it If |Mi1lvl<lr<l UiUt two equal triangles — B A F and AFC. 
IIm HihH lit (Im» |»»ihill«'l'»«ntMi in etiual U) the base mult i pi it«d hy 
iIm' mIIIIh»Im. II«hi«» (Imi iiivu nl" tlm triangle is equal to ^ the b^e 
nniU\\,\Ui\ liy IImi mIIIMhIm. 'I'I^'h may bo expressed 
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197. The area of a triangle equals one-half the product of 
the base and the altitude. 

Example. Tlie base of a triangle is 6 and tlio altitude ia 3. 
What is the area? 

o««„ — base X altitude A £ C 

2 / ' \ 

1!>8. In case the three sides / i \ 

are known the area is found as fol- B G t 

lows: ^«^-*- 

(1) Add together the three sides and divide the sum by 2. 

(2) Subtract from the half sum (1) the three sides severally, 

(3) Multiply the half sum (1) and the three remainders 
(2), and extract the square root of the product. 

Example. The three sides of a triangle are 24, 18 and 16 
inches respectively. What is the area ? 

The half sum (1) is ^^ "^ "!? "^ ^^ = 29 

/29 — 24 =6 
The three remainders (2) are < 29 — 18 =11 

(29 — 16 =18 

The area = V'29 X 5 X H X 18 

= V^20,735 

= 144 — square inches. 

199. The Right Triangle. The area of the riglit triangle is 
equal to one-half the product of the base and altitude. If both 
are given, the problem is very simple ; if the l)ase and hj^othenuse 
are given, the altitude may be found by the principle explained in 
Arts. 168 and 159. 

ABX AC 

area = . (See Fig. 6.) 

200. The Isosceles Triangle. The isosceles triangle ABC 
is equal to the sum of the two right triangles A B D and B C D. 

If the base and altitude are known, the principle explained in 
Art. 197 may be used. 
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If the biise A C and the side A B are known, the principle 
exphiined in Art. 159 may l)e followed to find the .altitude, and 
then the area is found according to Art. 197. As the side B C = 
side A B, the area may l)e found accordijig to Art. 198, as Uie 
three sides are given. 

201. The Equilateral Triangle. The equilateral triangle is 
an isosceles triangle ; hence any of the above rules may be used 
according to the data. 

Suppose the side B C = 1. The side A C also equals 1, and 
DC = i. 

From Art. 159, BD 



- BC 
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DC 




- 13_ 
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-1 
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B D = V I = V^ .75 

= .866 

202. To find tlip, altitude iiiuUii)ly tho side l)y .866. 
Area of triangle A B C = ^^.Jl X A (; 

= (.48:] X A C) X A C 

= .488 X aT;^ 

203. The area of an equilateral triangle is equal to the 
square of the side multiplied by .433. 





Fi 



Ijr. 5. 




The above rule will Ix) found very useful, on account of its 
simplicity, and because the results are sufficiently accurate for all 
practical puiposes. 
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Example. The side of an equilateral triiingle is 6 inches. 
What is the area? 

Area = (side) 2 x .438 
= 62 X .433 
= 36 X .433 
= 15.588 square inches. 

Another example. The side of an equilateral triangle is 8 
inches. Wluit is the area ? 

BC=8 DC=4 

B D = ^64 — 16 

= \/'i8 
= 6.928 

B D X A C 

area = 

2 
_ 6.928 X 8 

2 
= 27.71 square inches. 

^^. Ti 2 X Area .^... -, 2 X Area 
204. Base = ^\^. — -- Altitude = — Q^ . 

Altitude Base 

EXAflPLES FOR PRACTICE. 

1. The biuse of a right-angled triangle is 12 feet and the 
hypothenuse is 20 feet. What is the length of tlie perpendicular? 

Ans. 16 feet. 

2. The base of a parallelogram is 16.25 feet and the altitude 
is 7.5 feet. What is the area? Ans. 121.875 square feet. 

3. The foot of a ladder is 15 ft^et from tlie base of a build- 
ing, and the top reaches a wuidow 36 feet above the base. What 
is the length of tlie ladder ? Ans. 39 feet 

4. An equilateral triangle has an area of 21.217 square 
inches. What is the lengtli of the side ? Ans. 7 niches. 

5. An isosceles triangle lias a base 10 inches long and the 
equal sides 18 inches long. What is the area? 

Ans. 128.96 square inches. 

6. The base of a triangle is 20 feet and the altitude is 18 
feet. What is the side of a square having the same area? 

Ans. 13.41 feet 
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7. What is the area of a trianpfle having sides 16, 12 and 

10 feet? Ans. 59.9 square feet. 

8. What is the area of an eqiiUatenil triangle if the side is 

11 feet? Ans. 52.393 square feet. 

TRAPEZOID. 

205. If in the trapezoid s1ioa\ii in Fi^. 0, a diagonal D B is 
^ drawn, tlio trapezoid is divided into two 

triangles. The adtitude of lK)th triangles 
is the same ; the base of triangle D B C 
is the lowcn* base and the l)ase of D A B is 
the upper base. To find the area we 
proceed as follows : 




Fijj. 0. 



Area DHO 
Area 1) A li 

Total area = 



-altitudi* X LdC. 
•> 



altitude X --AB. 
2 



altitude X^^' + A 5. 

2 



206. The area of a trapezoid equals the product of the 
altitude and one-half the sum of the bases. 

Example. If the biu>es of a tnipezoid are 10 inches and 8 
inches respectively and the altitude is 7 inches, what is tlie area? 

Area = 7 ( —Lit— J = 63 square inches. 



HEXAGON. 

207, A reguhir polygon is one all of whose sides and 
are equal. We may divide a regular ^ ^ 

hexagon into six equal equilateral triangles. 
The area of the triangle F O E may be 

found by any of the rules given for equi- ^/ p/ \^ 

lateral triangles. \ ^'* 

, o L X F p: 

Area uf hexagon = ^-- - ^--^' X (I = O L X F E >C 3 

mt 
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We know that the area of an equilateral triangle may be found 

by multiplying the square of the side by .433. 

Area = (side) 2 x .433. 
Area of hexagon = (side) ^ x .433 X 6. 

= (side) 2 X 2.598. 

Example. The side of regular hexagon is 6 feet long. What 
is the area? 

52 X 2.598 = 64.95 square feet. 

POLYGONS. 

208. To find the area of a polygcm we divide it into triangles 
and take the sum of the areas. 

209. Suppose we wish to. know the Jirea of the given 
polygon A B C D E F. Fii-st we divide 
it into the triangles A B F and E F B 
and the ^trapezoid B (' D E. This is 
done by drawing the lines F B and 
E B. We find tlie altitudes to be 6 
inches, 4 inclies and 9 inches respec- 
tively. If the line A F is 14 inches, 
DC 15 inches and EB 11 inches, 
the areas are as follows : 

Area A H F = =42 square inches. 

Area B E F = liii) = 22 square inches. 

Area B C D E = ^ X ( 11 -f 15 ) _ ^^^ square inches. 
The total area is 42 + 22 + 117, or 181 square inches. 

EXAMPLES FOR PRACTICE. 

1. The bases of a trapezoid are 23 feet and 11 feet; the 
altitude is 9 feet. What is the area ? 

Ans. 153 square feet. 

2. What is the area of a regular hexagon having a perimeter 
of 42 feet? 

Ans. 127.3 square feet. 

♦ In thi«j particular case K U happens to be parallel to D C and we accordingly find 
the area of B C D E in accordance with Art. 2a5. 
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3. ♦Find the area of a trapezium, a diagonal of which 
niea-sures 42 feet, and the per|)endicular from one vertex to the 
diagonal is 16 feet, and from the other vertex 18 feet. 

Ans. 714 square feet, 

4. What is the area of the trapezium a diagonal of which is 
35 feet 6 inches long, the perpendiculars to the diagonal from the 
other two vertices being 9 and 3 feet respectively ? 

Ans. 213 square feet. 

CIRCLE. 

210. Suppose we have a regular hexagon A B C D E F in- 
scribed in the circle wliose center is O. The hexagon may be 
divided into six triangles by drawing 
the radii connecting the vertices A, B, 
C, D, etc., with the center. These tri- 
angles are all equal and the area of each 
is equal to one-half the product of the -^j 
base and altitude. We may say that it 
is equal to one-half the altitude multi- 
plied by the base. The area of six tri- 
angles is equal to one-half tlie altitude 
O L of one of them multiplied by six times the base or the j>erimeter. 

Area = ^}-^\^-'}^ X perimeter. 
2 

21 1 . Now if the number of sides of the polygon is inci*eased, 
the altitude will increase and the perimeter will be more nearly 
equal to the circumference of the circle. If the number of sides 
is increased indefinitely, the altitude of each triangle will be 
practically the same as the radius of the circle and the perimeter 
will be very nearly the same as the circumference. The area 
of the circle will Ije that of the inscribed polygon of an infinite 
number of sides, or 

Area of circle = ^^^ x circumfereoce. 

2 

It has been found that the diameter of a circle multi- 




•NoTE. Tlie diagoual connects two vertices. The perpendiculars are 
from the other two vertices to the diagonal. They are the altitudes of the 
two triangles of which the diagonal forms the hase. 
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plied by the constant 3.1416 is equal to the circumference. The 
constant 3.1416 expresses the ratio of the circumference to tlie 
diameter, and is called Pi ; it is usually designated by the Greek 
letter tt. 

212. The circumference of a circle is equal to the diameter 
multiplied by 3.1416. 

From the above we know that 

I'didiim 
Area of circle = ^ X circumference. 

2 
— ^*^^*"^ X diameter X 3.1416. 



2 
radius 



X 2 X radius X 3.1416. 



2 
= radius X radius X 3.1416. 

213. The area of a circle equals the square of the radius 
multiplied by 3.1416. 

Example. What is the area of a circle whose radius is 4 

feet? 

Area = (radius)^ x 3.1416 
~ 4 X 4 X 3.1416 
= 50.2656 square feet. 

Another example. If the diameter of a circle is 12 inches, 
what is the area ? 

T> J. diameter 
Radius = 

2 

12 .... 
= — =6 inclies. 

2 

Area = 6 X 6 X 3.1416 

= 113.0076 square inclios. 

The above example may also be solved as follows : 

Area = radius X radius X 3.1416 

diameter ^ diameter ^ « \A\a 



2 2 

diameter X diameter 



X 3.1416 



4 

= diameter X diameter X 'Hil? 

4 

Since ?:1M = .7854. 
4 

Area = 12 X 12 X .7854 

= 113.0976 square iucUes. 



^5.j 



rA 
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214. The area of a circle is equal to the square of the diameter 

multiplied by .7854. 

215. By considering Art. 211 to Art. 214 and using the 
principles of Elenientjiry Algebra we liave the following : 

Circumference = 3.1416 X tUameter 

= 2 X :i.l41« X radius 

4 X area 

diameter 

Area = radiun X radius X 3.1410 

:— diameter X diameter X .7854 

— eircHmferencr X -^ --'":'* 

2 

Diameter ^ ^'Z^ilf^^^r^ii^il 

3.1410 



Radius 



-\l'- 


4 X area 
3.1410 


rirrumferenre 
2 X 3.1410 


-J' 


arra 


-\ 


3.1410 




— /5 

Fig. 7. 




FiK. 8. 



216. Circular Ring. To obtain tbe area of a flat circular 
ring, first find the area of the hole and subtract it from the area 
enclosed by the larger circumference. 

In Fig. 7 we have : 

Area of large circle — .7s."i4 X 1"» ~ 176.71 square inches 
Area of Hinall circle = .7.<)4 X 0- — 28.27 square inches 

Area of rinpr = 148.44 square inches 

217. Sector. In iiiiding the area of a sector we determine 
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the fraction of the area of a circle. Thus if the sector has an arc 
of 60°, the area of the sector would be 60 -f- 360 = one-sixth of 
the area of the circle of which the sector forms a part. Similarly 
a sector having an arc of 45° lias one-eighth the area of a circle 
having a radius equal to one of the sides of the sector. 

218. Segment. There are many rules and tables for find- 

« 

ing the area of a segment. The following formula is very simple 
and gives approximate results. The derivation of this formula is 
very difficult, as it involves higher mathematics ; the formula may 
be used, however, by students and engineers who wish a simple 
formula giving approximate results. 

2 / 

Area of segment A = — > y — — .608 

In this formula h =z height of segment and D = the diameter 
of the circle. See F'ig. 8. 

219. Suppose we wish to find the area of a segment when 
the diameter of the circle is 12 feet and the height of the segment 
is 4 feet. 

In this case h =: 4 feet and I) = 12 feet. Substituting these 
values in the formula we have, 

= i_><J.\/i2^.608 
3 V 4 

64 J 

== -J" ^ 3 — .608 

64 */ 64 

= 3- V 2.392 =-3 X 1.55 

= 33.06 + square feet. 
EXAMPLES FOR PRACTICE. 

1. The diameter of a circle is 9 feet ; what is the area ? 

Ans. 63.617 square feet. 

2. What is the circumference of a circle 17 inches in 

diameter? 

Ans. 53.407-{- inches. 

3. If a circle is 4 feet in diameter, what is the area of a 
sector having an arc of 80°? Ans. 2.7925 square feet. 



.v^ 
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*1. The area of a certain circle is 283.53 sq\iare feet: what 
Ih tliti circumference? 

Ans. 59.69 feet. 
T). The area of a circle is 99.402 square inches ; what is the 
clrcunifeience? 

Ads. 35.343 inches. 
50LID5. 

220. A solid has three dimensions — length, breadth and 
thi('■kn(^s8. 

PRISMS. 

221. A prism is a si>lid having two opposite faces called 
l^/«'s'« ri|iiiil iiihI parallel; the other faces, called lateral faces, are 
imnilhOo^niniM. 






* ' ( I 



RIGHT PRiaM. 



TRUKCATKD FSISSf. 



m 'I III' iiltltinh*. of a prism is the perpendicular distance 

4^4 I h»- » iimliiiHMl area of all the lateral faces is called the 

/ '/ < '/ *n > I 

II, t 'III mm 'M Milling surfai!0 is the lateral area plus the 

( I lie ln|. ' .» 

4|i I j,, )nii.|..i t llniiM of llie faces are called the lateral 

i 

11^ I,,.,,,., .HI. Iniiii!inhn\ reotaurfular^ liexaifouah etc., 

, I,, ,. I il.- . Im.|.» hI Ih.' hiihCM, 
. . ^ , , ,/,/ jHiMiH l.» ••III' wliosi^ lalend edges are per|)en dicu- 

I i; I ill) l< I > ■ 

^l, ^ , ,,./•• |«»l"»i» ••* '» ''m''^' P*'***"* having regular poly- 

\ , ^ ^i\ /..*.//»../ »'• •» piluin whose Iwises are pamllelo- 
II (ill I hi' nln»«««»»' piMpniMliculiir to the bases, it is calknl 
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229. A rectangular parallelepiped is a riglit parallelopiped 
whose bases are rectangles; all the faces are rectangles. 

230. A ciihe is a rectangular parallelopiped all of whose 
faces are squares. 

.231. A truncated prism is the portion of a prism included 
between its l)ase and a plane cutting all the latciid edges. 






PARALLELOPIPED. 



RRCTANGULAB PARALLELOPIPED. 



OCTAHEDRON. 



232. Lateral Area. Suppose we liave a l)ox 3 feet long, 2 
feet wide and 6 feet deep. Let us consider the top and lK)ttoin 
as the bases. 

The area of the front face is evidently 
6 X 3 = 18 square feet; the area of the Ixick 
face is also 18 square feet, as it Ls equal to 
the front face. 

The area of the left-hand face is 
2 X 6 = 12 square feet, and the area of the $ 
right-hand face is the same. 

The convex surface is equal to 
2 X 18 = 36 
2 X 12 = 24 

60 square feet. 

233. It is readily seen that had we multiplied tlui i)erimetei 
of the base by the altitude we would have obtained the same 
result. 

Perimeter of base = 3 + 2 + 3 + 2 = 10 feet. 
Altitude = Ofeet. 
Lateral Area = 10 X G = (K) s<iuare feet. 

234. The lateral area of any rif/ht jtrh/n is equal to tit* ju^iL 
uet of the perimeter of the lane and altitude. 
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This nile may be used for all right prisms, whether the base 
is a triangle, square, parallelogmm or hexagon. 

Example. What is tlie latenil area of a right prism whose 

altitude is 11 feet and each side of the hexagonal base is 4 feet? 

The perimeter of the base = x 4 = 24 feet. 

Altitude = 11 feet. 
Lateral area = 24 X 11 = 264 square feet. 

235. Total Area. To find the total area of a prisftiy add the 

areas of the bases to the lateral area, 

236. In the prism described in Art. 232, the lateral area was 
found to Ix^ GO scjuare feet. The area of the lower base is equal 
to 8 X 2 = 6 square feet and the area of the upper liase is the 
same. 

Totid area = GO + (2 X <>) = 72 square feet. 





237. Volume* The unit of volume is a cube whose edges 
are each equal to tlie unit of length (incli, foot, (»tc.). The volume 
is expressed as being e(iualto the number of times \\w unit volume 
is contained in the prism. 

238. Hy considering the alM»ve figures we seii that \\w unit 
of vohime A is contained 4 times in (»aoli liiyer of the jnism H. 
As tliere are ?» hiyers, it is contained 4x3=12 limes. If the 
unit of volume is the cubic foot, the prism W wouhl contain 12 
cubic feet. The area of the base is 4 scjuare feet and th(» altitude 
is 3 feet. Hence wt* may say : 

239. Th* volume of an if rujht prism is equal to the produet of 
the area of the base and the altitude. 
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Example. Find the volume of a block of stone 3 feet long, 
2 feet wide and 7 feet high. 

The area of the hase = 2X3 = 6 square feet. 
The volume = G X 7 = 42 cubic feet. 

We may consider any other side as the bage ; the result is the 
same. 

2 X 3 X 7 = 42. 
7 X 3 X 2 = 42. 
7 X 2 X 3 = 42. 

240. Let us consider an hexagonal prism having an altitude 
of 9 feet and each side of tlie base 4 feet. 

To find the vohime we must first find the 
area of the base. This may be done according to 
Art. 207, or by finding the altitude O D of the tri- 
angle AOC, and then proceeding as in Art. 197. 
After finduig the area of the base, multiply by the 
altitude. 

Area of base = 16 X 2.598 

:= 41 .508 square feet 
Volume = 41.568 X 9 

= 374.112 cubic feet. 

The lateral and total areas are found '^4, 

(See Arts. 232 and 235.) 

Lateral Area = 24 X 9 ^ 

= 216 square feet 
Total Area = 216 -f (2 X 41.668) 
= 209.136 square feet. 

EXAMPLES FOR PRACTICE. 

1. Find the vohime of a cube whose edges are eacli feet 

6 inches. 

Ans. 274 § cubic feet. 

2. Find the volume of a triangular prism whose ahitude is 
20 feet and each side of the base 4 feet. 

Ans. 138.5G+ cubic feet. 

3. Find tlie lateral area of a ju'ism liaving an ahitude of 

7 feet and its base a pentiigon, each side of wliich is 4 feet. 

Ans. 140 square feet. 

4. What is the entire surface of a ])arallelopiped 8 feet 
9 inches long, 4 feet 8 inches wide and 3 feet 3 inches higli ? 

Ans. 168| square feet. 



241. 

as before. 
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5. Find tlie volume of an hexagonal prism 17 feet liighi 
having a kise ea(;h side of which Ls 7 feet. 

Ans. 2,164.1 cubic feet 

6. What is the totid area of a cube whose edges are each 
7 inch OS? 

Ans. 294 square inches. 

7. Wliat is the weight of a cjist ii*on block 6 inches long, 
5 inches wide and 3 inches high ? Cast iron weighs about .26 
pound per cubic inch. 

Ans. 23.4 pounds. 

CYLINDERS. 

242. A cylinder is a solid bounded by a cylindrical surface 
and two parallel planes intersecting this surface. It may be con- 
si<lered as l)eing a prism whose base is a ix)lygon of an infinite 
num])er of sides. 








CYLINDER. 



BIGHT CYLINDER. 



INSCRIBED CYUNDBB. 



243. 'Hie parallel faces are called the hases. 

244. The altitude is the perpendicuUir distiince l>etween the 
biises. 

245. A clrmhir cylinder is a cylinder whose base is a 
circle. 

246. A riyht eircuhtr cylinder, or cylinder of revolution, is 
a cylinder generated by the revolution of a rectangle about one 
side as an axis. 

247. A cylinder may be inscribed in or circumscribed about 
a i)risni. 

248. The cylindrical area is called the lateral area. The 
total area is the sum of the lateral area and the areas of the bases. 

249. Lateral Area. The lateral area of a cylinder is equal 
to the circumference of the base multiplied by the altitude. 



I 

I 
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36 X .7854 = 28.2744 square inches. 
The total area = 282.744 + 2 (28.274) 

= 339.292 square im;hes. 

253. Volume. The volume of a cylinder is equal to the area 
the base inultiplied by the altitude. 

Example. A cylinder is 6 feet in height and 4 feet in 
imeter ; what is the volume ? 

Area of base = 4 X 4 X .7854 

= 12.5664 square feet. 
Volume = 12.5664 X 6 

= 75.3984 cubic feet. 

EXAflPLES FOR PRACTICE. 

1. What is the volume of a cylinder whose altitude is 8J 
;t and biise 3 feet in diameter? 

Ails. 60.08-|- cuImc feet. 

2. Find the total area of a cylindrical boiler 5(j inches in 
imeter and 16 feet long. 

Ans. 268.78 square feet. 

3. How many gallons of water will the above boiler liold if 
contains no tubes ? 

Ans. 2,047 gallons. 

PYRAfllD. 

254. A pyramid is a solid whose b;use is a polygon and 
lose sides are triangles. 

255. The vertices of the triangles meet to form the vertex 
the pyramid. 

256. The altitude of the pyramid is the peipendicular dis- 
U'c from the vertex to the base. 

257. A pyramid is triangular, quadrangular, etc., according 
the shape of the base. 



ti 



250. Suppose we have a cylmder 15 inches high and 6 inches 
diameter. | 

The circumference = 3.1416 X 6 = 18.8496 inches. 

The lateral area= 18.84(K5 X 15 = 282.744 square inches. 

251. Total Area. To find the total area of a cylinder^ add 
? areas of the bases to the lateral area. 

In the above cylinder th^ area of the biise is, 
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258. A regular pyramid is (»ne whose base is a regular poly- 
gon and whose vertex lies in a pei-pendicuLvr erected at the center 
of the base. 

259, The slant height of a reguhir pyramid is a line drawn 
from tlie vurtcix perpend icuhir to a side of the base. It is the 
altitude of one of the triangles which form the sides* 






Fir BAMIO. 



BEOULAR PYRAMID. 



BBXAGONAL PTBAKIO. 



260. The Literiil edges of a i)yninii(l are the intersections of 
the faces. 

261. Lateral Area. Tlie Literal aiea is the combined area 

of all tlie triangles fomiing the sides. 

262. As the area of each triangle 
is ecpial to the pioduct of the base and 
one-half the altitude, the lateral area of 
the pgraintd in et/ual to the perimeter 
multiplied hy one-half the slant height* 

Exami)le. Sui)pose a pymmid hav- 
ing a slant heigiit of 14 feet has a 
regular pentagon for a base, each side of 
whicli is 5 feet. What is the lateral 
area ? 

Perimeter of base == 5 X Tj — 2r> feet. 
One-half the Klaiit height = 7 feet. 

Lateral area =25 X 7 = 175 square feet. 

263. If the slant height is not given it can nsually be found 
by means of the prnuii)le explained in Art. ir)8. 

264. The pyramid sliown in Fig. has an altitude OE of 
12 feet and each side of the scjuare ]>ase is 8 feet. We know tliat 
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E F = 4 feet. Since the angle O E F is a right angle (Art. 159), 



O F* = o E -f E F 

= 144 + 16 
= 160 

O F = y/ifiO = 12.65 (nearly) 

The lateral area =iM2J<-^^ 

2 

= 202.4 square feet. 

265. The Total Area is equal to tJie 
lateral area plu^ the area of the base. 

In the above example the area of the 
base is 64 square feet. (Art. 192.) The 
total area is, 

64 + 202.4 = 266.4 square feet. 

266. Volume. The volume of a pyra- 
mid is equal to the area of the base multi- 
plied by. one-third the altitude. 

267. Example. Suppose the triangu- 
lar pyramid shown in Fig. 10 has the 

following dimensions: altitude 8 feet, sides of base 5, 4 and 3 
feet. What is tlie volume ? 
Area of base : 

The half sum (l)zi:12-f-2=z:6 

j-6 — 5 = 1 

The tliree remainders (2) are -l 6 — 4 zz: 2 

[6 — 3 = 3 

The area = y/fix 1 X~2"x~3 
= 6 square feet. 




Volume 



= area of base X ^ altitude 
= 16 cubic feet. 



EXAflPLES FOR PRACTICE. 

1. A triangular |iyramid is 9 inches in lieight and each side 
of ttie base is 4 inches long. Find the volume. 

Ans. 20.784 cubic mches. 
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2. Find the lateral area, total area and volume of a pjrramid 
liavincr a slant height of 72 inches and a square for a base, the side 



of whicli is 8 feet. 



Ans. 



''Lateral Area = 96 square feet. 
Total Area =160 square feet. 

_ 64 V^20 _ 



Volume 



- = 95.4 cubic feet 



3. Find the Liteml area and volume of a hexagonal pyramid 
each side of whose base is 6 feet and whose altitude is 12 feet. 

Latei-al Area = 235.26 square feet. 
Volume = 374.112 cubic feet. 



Ans 



■{ 



CONES. 

268. A cone is a solid bounded by a conical surface and a 
plane whicii cuts the conical surface. It may be considered as a 
pyramid of an infinite number of sides. 






CONE. 



CIRCULAR CONE. 



COVE OF &BVOLUTIO.V. 



269. The cuived surface is called the lateral area, and the 
plane is called the base. The convex surface tapei-s to a point 
called the vertex. 

270. The altitude of a cone is the perpendicular distance 
from the vertex to the Ixisc. 

271. All element of a cone is any straight line from the vertex 
to the perimeter of the base. 

272. A circular cone is a cone whose base is a circle. 

273. A rujht circular cone^ or cone of revolution^ is a cone 
whose axis is perpendicular to tlie kise. It may be generated by 
the revolution of a right triangle about one of the sides as an 
axis. 
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274. LatermI Area. The lateral area of a I'i^ne is found in 
the same way as in the case of a pvraaiid. Multiply the jH>rimeter 
of the hase by one-hs\lf the skut height. 

Example. The Ixise of a cone is 12 inches in iliametor anil 
the slant height is Irt inches. What is tlie lateral area? 

Perimeter of base = 3.1416 X 12 

= 37.699 Inches 

Lateral area = 37.61>9 X ^- 

= 301.592 square Inches. 

275. To find the total area, add tlie aiva of the boae. 
In the above example, the area of the base is, 

3.1416 X 36 = 113.0976 
Total area = 113.0976 + 301.592 = 414.6896 square Inches. 

276. Volume. The volume of a cone is eqxuxl to tlio pwduct 
of the area of the base and one-third the altitude. 

Example. The altitude of a cone is 18 inches and the radius 
of the base is 2 inches. What is the volume? 

Area of base = 3.1410 X 4 = 12.r>Gm 
Volume = 12.r>(5«4 X 

= 75.3084 cubic indioR. 

277. In case the altitude is not known, it may 1m) found if 
the slant height and radius of base are known. 

EXAMPLES FOR PRACTICE. 

1. Find the total area of a cone having an altit ude of 21 fe(»t 
and a base 16 feet in diameter. 

Ans. 76.0. Tf) square fc(»i. 

2. Find the volume of a cone if the area of the base is 1 2J)W 
square inches, and the slant height is 6J inches. 

Ans. 25.898-1- cubic inchen. 

3. The volume of a cone is 1,061.84 cubic indices and the 
altitude is 24 inches. What is the lateral area ? 

Ans. 607.64-{- scinare inchi^. 

FRUSTUMS OF PYRAMIDS. 

278. The frustum of a pyramid is tlie s<^ilid former] by iiaM** 
ing a plane parallel to the base and cutting all the e^lges. 
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279. Tlie upper plane of the frustum is called the upper 
base and the lower plane the loiver base, 

280. The altitude is the perpendicular distance between the 
bases. 

281. To find the lateral area of the frustum, multiply one- 
half the sum of the two t>erimeters by the slant height. 

282. Example. The lower base of a frustum of a square 
pyramid measures 12 inches on each side and the upper base 
measures 4 incrhes on a side ; if the slant height is 7 inches, what 
is the lateral area ? 

/\ Perimeter of lower base = 4 X 12 = 48 inches 

// \ \ Perimeter of upper base = 4 X 4 = 16 inches 

^f r--O v One-half the sum = ^^ "^ ^^ = 32 inches 

/ ! \ \ \ The lateral area = 7 X 32 = 224 square inches. 

/ i.-[-A \ ^^' ^^^^ io\;sLi area is found by adding 

/'^"" \^ ^ the areas of the bases to the lateral area. 

reuHTUM OF PYRAMID. j,j ^\^^ alx)ve cxauiple we have: 

Area of lower base = 144 square inches 

An*a of upper base = Itt square inches 

Lateral area = 224 siiuare inches 

Total area — 3S4 s<juare inches. 

284. Volume. To lind the volume of a frustum of a pyra- 
mid : (1 ) Find the areas of thu two biises and add them together. 
(2) To this quantity (1) add the square rootoi the product oi the 
two l>jis(?8. ('i) Multiply the sum tlius obtained by one-third the 
altitude. 

285. Kxami)le. The altitude of the frustum of a square 
pynmii<l is 10 f(M»t. Kach side of the lower base is 12 feet and 
each side of th«j upper btuse is 9 feet. What is the volume? 

Area of 'owor base :^ 12 X 12 = 144 square feet 

Area of upper base -- OX rr 81 sijuare feet 

Sum (1; — 225 square feet 

Square root of pro<lu<'t C2 ) — y/l44 X HI 

Volume - ^^ X (22:> f 108) 

^ 1110 cubic feet. 
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FRLSTVTIS OF CONE5- 

286w The frastum of a cone :> a >* 'IM formeti l*v a plane 
panllel lo the base dmd euiting ilie *.x">:::oziI s;:r::Ke. 

287. The upper jlane is callevl iiie ui-i.r ^t*e and the lower 
plane the lotr^r h*tu. 

The altitude is the perpendicular distance Wtwet^n the 



2M. To find the lateral aiea of the fnistunK nniltiply ont^ 
half the sum of the two perimeter? l»y the slant height, 

29QL £3cample. The lower Ixise of a frustum of a ci^ne is 
11 inches in diameter and the upi^er Ixise is S inclies in diameter. 
What is the convex area if the slant height is 5 inches ? 

Circiuiiference of lower base = tt d , Arc. 215) 

= 3.1416 X 11 

= 34.557».» inches 
CirciimfeTeiice of upper hose = 3.1416 X 3 

= 25. 132 S iuches 
84.5576 + 25.132< _ ^ ...^ / ~T^ \ 

Lateral area = 29.S4.V2 X 5 





= 140.22r»0 Sijuare inches. frvstim ok conk, 

291. The total area is ctjual to tlie aivas of the kuses adihnl 
to the lateral area. Thus in the alcove example, 

Area of upi»er base = — d'^ v Art. 2ir») 

4 

= .7854 X 64 

= r>0.2<>."'H5 si|uaro inches 

Area of lower base = .7854 X 121 

= 95.0:):U stpiaro inches 

50.2656 

IK) .0334 

140.22«K) 



Total area= 21M.5250 s(juarc inches. 

292. The volume of the frustum is found in tho saino nimi- 
ner as the frustum of a pyramid. 

(1.) Find the aieas of tlie two hjujos and add thorn t<)|i(t*thpr. 
(2.) To this quantity (1) achi tho square root of llin yroduH of 
the two bases. (3.) Multiply tho sum thus ohtainr<l hy ono- 
third the altitude. 
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293. Example. The altitude of the frustum of a cone is 
18 irictiieii* The ijpf>er liase is 3 inches in radius and the lower 
}xi$tii in 1 2 incheH in diameter. What is the volume ? 

Area of lower liase = 3.1416 X 36 

= 113.0970 
Area of upper base = 3.1416 X 9 

= 28.2744 



Sum(l) =141.3720 

Square root of product (2) = ^113.0976 X 28.2744 

= 56.5488 
Volume = 6 X (141.3720 + 56.5488) 
= 1,187.5248 cubic iDches. 

EXAHPLES FOR PRACTICE. 

1. Find the volume of the frustum of a cone having a slant 
heiglit of C feet, jin upper base 6 feet in diameter and a lower base 
H feet in diameter. 

Ans. 228.973 cubic feet 

2. Find tlie latenil area of the frustum of a rectanguUir 
pyramid whose altitude is 8 inches and whose l>a.ses are 8x8 inches 
and 11 X It inches respectively. 

Ans. 375.980 square inches. 

o. What is the slant lioiprht of a frustum of a cone if the 

it)n\rx una is .OO'J.OAO s<|uare inches, the upper- bjise 7 inches in 

liiiuut'ity and the lower base 18 inches in diameter? 

Ans. 16 inches. 
SPHERE. 

2V4. A hj/hcre is a solid bounded by a curved surface, every 
t,tnhi oi vvhJ'h is cijually distant from a point within called the 

iUH, 'J hi' ilitiiHiti'r is a strai^^lit line drawn through the center 
iUnl \h\^\uy, i«» <'XlrrJnili<*H in the curved surface. The radium \s 
ihi r\\n\^\il l)n«i Iroin ihc center to the surface; it is equal to one- 

4MM- '^ mjJm'H; irt titniitnt to a i)lane when t^e plane touches 
lilt' •■|'h«M- in »'Ml.y oni: jioint. A i)lane perpendicular to the 
V'*ll« Milh mI m hidni'i u LuiK'-nt to the sphere. 

im felMllN^M' I " ^^"*' *'''*^ snrfacre of a sphere, 7nulti]>ly the 
|^I^H»' \\^ ♦*»' »M<<M^f /'// Jil 110. 
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Example. Find the surface of a sphere which is 9 inches in 
diameter. 

9* = 81. 81 X 8.1416 = -254.4696 square inches. 

258. To find the diameter when the surface is given, divide 
the surface hy 3.1416 and extract the square root of the quotient. 

Example. What is the diameter of a sphere whose area is 
113.0976 square feet ? 

g^^^g = 36. v/36 = 6 feet. 

299. Voiume* To find the volume of a sphere, mtdtiply the 
cube of the diameter hy .5236. 

Example. A sphere is 1 inches in diameter ; what is the 
Yolume? 

10« = 1000. 1000 X .5236 = 523.6 cubic inches. 

Another example. Find the volume of a sphere having a 
diameter of 7 feet. 

78 = 343. 343 X .5236 = 179.5948 cubic feet 

JOO. To find the diameter when the vohinie is known, 
divide the volume by .5236 and find the cube root of the quotient. 

Example. A certain sphere contains 8181.25 cubic feet; 
what is the diameter ? 

8181.25 



.5236 



= 15625. ^15625 = 25 feet. 



BXAHPLES FOR PRACTICE. 

1. A sphere has an area of 153.9384 square inches. What 

is the volume? 

Ans. 179.5948 cubic inches. 

2. How much will a sphere of cast iron weigh if it is 3 
inches in diameter, and cast iron weighs .26 pounds per cubic inch? 

Ans. 3.0756 pounds. 

3. How much will it co.st to paint a sphere whose nidius is 

4|- feet if it costs 25 cents to paint one square yard ? 

Ans. *7.07. 

4. How much less surface has a s[)here which is 12 inches 

in diameter than a sphere which has a volume of 1.7671 cubic 

feet? 

Ans. 3.927 square feet. 



MENSURATION. 



5. What is the volume of 
square inches ? 



sphere if the area is 28.2744 

Ans. 14.1372 cubic inches. 
A PRACTICAL PROBLEM. 
To Find the Steun Space In ■ HorlzonUI Boiler. 

Suppose the boiler represented in Fig, 11 has the following 
dimensions: length 12 feet, diameter 50 inches and the water 
level A B C D 16 inches below the top of the boiler. 




Fig. n. 

Tlie steam space is equal to the volume above the plane 
A B C D which evidently is equul to the ai'ea A M B multiplied 
l>y tho length of the boiler. To find the ai-ea AM B we may uaa- 
thc formula given in Art. 218 since A M B is a segment 



In the iil)Ovo, A = I 
tuting tliese viiluea we hiii 




50 inches. Sabeti* 



= !Ml.a3 . 
= !tl2.7 Hijiiiiro Inchoii. 
To reduce this area to sqiian; fiH't. divide hy 144. 

The volume t-qnals this an-a nuiltiplied hy the length 
8.708 y.li = 'l&.iltf fubtc tevt. 



4th. Ezamiaation P&r? 



f» 



4th. E..rs-ittcc Pftp«r. 





EXAMINATION PAPER 



i.i— 



?P-^/^ 



* 



, » 
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2. X =C^J<J^ZLii , when ;> = 24, / = 30, a = 6 and 
c = 10. i^^fWC. 

3. a X = ab — 2aa?+28, when a z= 2, and 6 = 16. « 

4. If 7w = 11, a = 900 and w = 5, what is the value of 
e in the following equation ? 

\a =: c m — n^. 
6. If a =: 3, 6 = 6 and e? = 5, find the value of rf, ^ ^ 

EXERCISE IV. 

1. If I = 14 and R = 5 what is the value of W from the 
equation 

W = PR. 

2. If S = 9000, E = .85, p = 116 and D = 60 find t from 
the formula 



i = 



Dp 




2SE rf7 

8. Find the value of E from the formula •^ 

' E*= YL^ iiv = 16, W = 24 and ff = 32.16. 

4, If S = 887.92 feet and ff = 32.16 find the value of t. 

S=hfft\ 
6, Find the value of P from the equation 

•^•-^ ^' p^ 806,000^^ ./^/•/>^;i C 



in which t =,.25,,/ = 48 and d = Gi. 

EXERCISE V. 



1. * Ji^vUi^y square feet in a square 

2. The ao'ea of a rectangle is 37.8 squ 



27 rods on each side? / 
rectangle is 37.8 square feet, and the base 
is 7 fceet. What is the altitude ? t/T y- 

3. I'he diagonal of a trapezium is 21 feet long, the perpen- 
diculars U) this diagonal from the vertices on either side are 9 feet 
and 8 feet What is the area 7 

Ans. 178.5 square feet. 



• . t 



»- "« 



/ 
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4. If the area of a triangle is 500 square yards and the j^^it^^^ 
altitude is 180 feet, what is the base ? 

5. How many square feet are there in a building lot having /^? 
two parallel sides 140 feet and 116 feet in length and 83 feet 
apart? ^4^fiT /€.iMMJL 

EXERCISE VI. 

1. Find the altitude and area of an isosceles triangle whose 

base is 20 feet long and the equal sides each 26 feet long. ^^fC/ 

2. The base of a right triangle is 18 feet and the other leg a^ 
24 feet. What is the hypothenuse ? 

3. What is the length of the longest rod that, without 
Ending, can be put into a box 1 yard long, 1 foot wide and & 

inches high, measured on the inside ? ^4^ ^VU« 

* ' • ^ " Ans. 3 feet 3 inches. 

4. The circumference of a circle is 574.9128 feet. What is 
the area? 

5. The area of a circle is 283.5294 square feet What is 
the radius ? ^ 

EXERCISE Vil. ^ 



^SL 



1. Find the entire surface of a rectangular solid whose 
dimensions are 2, 3 and 4 feet. - \f5^ 

2. Find the volume of a prism 5 feet high, having for itvS base 

a triangle each side of which is 10 feet long. ^^^ V •*A?i? Xi^ r- £/&# ^ 

3. Find the entire surface and the volume of a cylinder 7 

inches in diameter and 1|- feet high. ^^^ dP/^^ V>. ^f^y%Jxf^ 

4. The volume of a sphere is 140,501 cubic inches. What 
is its diameter? £^/^^ 

5. The radius of a sphere is 28.5 feet. Wlmt is the surface ? 

EXERCISE Vill. 



iliscellaneous Problems. * 



1. At 3 cents per square foot how much would it cost to ^03*T^ 
paint the outside of a cylindrical tank 14 feet high and 16 feet in _^t/* ^ 
diameter? Include the cover. fOA^*/ 

2. How many cubic feet are there in a piece of timl)er 15 "t*- ~ ZTl 
feet long, 16 inches square at one end and 12 inches square at the ^ / * 
other? ^yy Am. 20^ cu. fU 



^«-^ ^ <^iA. ^ rrur ^ ^wRi-^^*^^, 



^_ 



^ > - A/y/^4 



'^ ^ ^.f^^ %/fit^~ /^XJt <^7^ -^ 
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3. Find the weight of a hollow steel shaft 12 feet long 
havhig an outside diameter of 8 inches and an inside diameter of /^ 
4 inches. Assume the steel to weigh 485 pounds per' cubic foot. ^^ — - 

4. Iron being 7.2 times as heavy as water and water weigh- 
ing 02^^ounds per cuftic foot, what is tlie weight of an iron ball 

6 inches hi diameter? {l^w ^^'^^y^ >^^ 

5. Find the weight of water contained in a vertical boiler 
4 feet in diameter and 10 feet liigh, the water level being 8 feet 
from the bottom. Assume 124 tubes each 2 inches in diameter. 

Ans. 4930.5 pounds (approx.) 
G. Find the lateral surface of a regular fournsided pyramid 
12 feet high, the length of one side of the base being 10 feet. tUo^ 
^ 7. The wheel of a bicycle is 28 inches in diameter. How 

many times will the wheel turn in going a mile ? Y^^' 'ZJRsf^JU 
^ ^^^ 8. A house that is 50 feet long and 40 feet wide has a 

T{^) ^ 'pyramidal roof, whose altitude is 15 feet. Find the length of a 
rafter reaching from a corner of the building to the vertex of the 
roof. ,/ Ans. 35.35+ ft. 

/^^ 9. The diameter of a boiler is 6 feet, the length 18 feet. 

L^ If tlie maximum depth of the water is 4 feet, what is tlie volume 

of the steam space ? 

10. Wliat is the volume of a frustum of a cone, the altitude 
. of which is 9 feet, and the diameters of the bases 11 feet and 8 feet 

7 inches? Ans. 681.15+ cu. ft. 

11. A gallon of water contains 231 cubic inclies. How 
many gallons are there in a cylindrical cistern 11 feet deep and 
7 fe<*t in diameter? Ans. 3,1G6.7+ gals. 

12. What is the amount of surface exposed to the water in 

the above problem ? ^^^'^^ 

•ytf^^ 7 13. What is the difference in area between a circle 8 feet in 

f^^^ [ diameter and a regular liexagon inscribed in it'-^ 

; Ans. 8.69+ sq. ft. 

14. Suppose instead of a circle and regular hexagon we had 

a regular hexagonal prism inside a cylinder, what would be the 

diffeaMice in volume, the altitude of each being 4 feet 7^ inches? 



7 




/^ - / 



^ %-/ 2-% /^f -V/^^ = /^ 



^ /0^4LJ yc {/kJ-^^J^ 4^x<^.^ = ^^i? , 



QP ( I/O 4 2-^ ^ A^^^ 









(^.^ ~,e^/fc^ 




^. 4cf(^ 




- d:^a6^ 
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/^ 



/ ^;*^. 4^^ij<C> o* <>^ ^A^ , 
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